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Abstract

A class of explicit multistage time-stepping schemes with centered
spatial differencing and multigrid is considered for the compressible
FBuler and Nawvier-Stokes equations. These schemes are the basis for
a family of computer programs (flow codes with multigrid (FLOMG)
series) currently used to solve a wide range of flurd dynamics prob-
lems, including internal and external flows. In this paper, the com-
ponents of these multistage time-stepping schemes are defined, dis-
cussed, and tn many cases analyzed to provide additionalinsight into
their behavior. Special emphasis 1s qiven to numerical dissipation,
stabilily of Runge-Kulla schemes, and the convergence-acceleration
technigues of multigrid and wmplicet residual smoothing. Both the
Baldwin and Lomaz algebraic equilibrium model and the Johnson
and King one-half equation nonequilibrium model are used to estab-
lish turbulence closure. Implementation of these models 1s described.

1. Introduction

Computational fluid dynamics (CFD) is a multidisciplinary field involving fluid mechanics,
numerical analysis, and computer science. The evolution of CFD over the last three decades has
fostered a broad range of methods for computing the aerodynamics of flight vehicles. At cruise
flight conditions, a variety of approximate techniques are applied by the aircraft industry when
designing flight vehicles.

With inviscid and irrotational flow assumptions, versatile and reliable panel methods and
nonlinear potential equation solvers are used for aircraft design. To determine wviscous effects,
either an integral or finite-difference approach is employed to solve the boundary-layer equa-
tions. When the interaction between the viscous and inviscid flow regions is important, the
computational procedures for these regions are coupled i either the direct mode (i.e., surface
pressure is specified) or the inverse mode (i.e., surface shear stress in the case of a solid wall is
specified). Although these computational techniques are efficient and usually provide reasonable
estimates of viscous effects, they can be difficult to implement for three-dimensional (3-D) flows
when strong viscous-inviscid interactions occur (such as aircraft wing and body juncture flow).

In the past few years, substantial improvements were made on the mathematical models of
aerodynamic prediction techniques used for aircraft design. The Euler equations allow rotational
effects (1.e., vortical structures) and nonisentropic shock waves and thus provide a better inviscid
model for flows over aerodynamic configurations. The Navier-Stokes equations model weak and
strong interactions between viscous and inviscid flow regions without special consideration. Both
the Fuler and the time-averaged Navier-Stokes equations are currently being introduced into the
aircraft design process.

Progress in aircraft design can be attributed to several factors. A primary factor is the
considerable improvement in the accuracy and efficiency of numerical algorithms used tosolve the
Euler and Navier-Stokes equations. Another factor is the significant advancements in computer
memory capacity and processing times. Although new technologies in computers and computer
science will continue to help decrease processing times, the need still exists for strong effort to
increase the robustness, accuracy, and efficiency of the flow solvers to allow their use in analysis
of complex fluid dynamics phenomena and aircraft design.

An extensive range of numerical algorithms was developed during the last decade to solve
the Fuler and Navier-Stokes equations. These numerical algorithms can be classified by
the type of time-stepping scheme and the type of spatial-discretization scheme used. Both



explicit and implicit time-stepping schemes have been constructed. Explicit schemes require
less computational storage and a lower number of operations for time integration, but have a
stricter limit on the allowable time step. If temporal and spatial differencing are decoupled,
both schemes are amenable to a variety of convergence-acceleration techniques for steady-state
problems. The explicit multistage Runge-Kutta scheme of Jameson, Schmidt, and Turkel (ref. 1)
and the implicit approximate factorization (AF) scheme of Beam and Warming (ref. 2) are two
schemes that employ temporal and spatial decoupling. The multistage schemes, in conjunction
with local time stepping and other convergence enhancements (ref. 3), and the AF scheme, with
local time stepping and diagonalization of the implicit operator (ref. 4), are efficient schemes for
the Euler equations.

Central and one-sided differencing have been considered for the spatial derivatives in the flow
equations. When selecting one type of differencing over another, it 1s important to understand
the dominating design criterion for central and upwind schemes. When constructing a central
difference scheme, the principal underlying guideline is to minimize the arithmetic operation
count while simultaneously maintaining the highest possible accuracy. The multistage schemes
and Lax-Wendroff schemes (refs. 5-11) are currently the most widely used explicit algorithms
with central spatial differencing. The AF scheme i1s the most frequently used implicit scheme
with centered differencing.

A primary objective of an upwind scheme is to capture flow discontinmties such as shock
waves using the minimum number of mesh cells. To accomplish this, many upwind schemes
utilize the signs of the slopes of characteristics to determine the direction of propagation of
mformation, and thus, the type of differencing for approximating spatial derivatives. Two
procedures for constructing upwind schemes for hyperbolic systems of conservation laws are
the flux vector splitting scheme of Van Leer (ref. 12) and the flux difference splitting scheme of
Roe (ref. 13). Upwind schemes have become popular because of their shock-capturing capability.
Generally, upwind schemes represent shock waves with two interior cells rather than the three or
four mterior cells usually needed by central difference schemes. However, upwind schemes can
require as much as twice the computational effort.

Multistage time-stepping schemes with central differencing for spatial discretization on both
structured and unstructured meshes are now being used to solve the Euler equations for flows over
complex configurations, including airplanes (refs. 14 and 15). Members of this class of algorithm
have also been extended to allow the solution of the compressible Navier-Stokes equations in
both two and three dimensions (refs. 16 and 17). Including convergence-acceleration methods,
such as local time stepping and constant coefficient implicit residual smoothing (which extends
the explicit time step limit), has made these solvers reasonably effective. Significant performance
improvements are achieved principally by using the multistage scheme as a driver of a multigrid
method. The multigrid method involves a sequence of successively coarser meshes and enhances
the convergence rate and the robustness of the single-grid scheme. In reference 18, a three-
stage Runge-Kutta scheme with multigrid was successfully applied to the two-dimensional (2-D)
Navier-Stokes equations. Then, both Swanson and Turkel (ref. 19) and Martinelli and Jameson
(ref. 20) demonstrated that the type of convergence behavior described in reference 18 could be
substantially improved. The multigrid procedure was used to solve flow over a wing (ref. 21).
Significant performance improvements detailed in reference 21 were obtained (refs. 22 and 23)
by closely following and extending the ideas developed in the 2-D solvers (refs. 19, 20, and 24).

This paper describes an efficient and versatile class of central difference, finite-volume
multigrid schemes for the 2-D compressible Euler and Navier-Stokes equations. The elements of
these schemes are the basis for a family of computer codes (flow codes with multigrid (FLOM G)
series) developed by the authors that are now being used in both industry and universities.
These computer codes have been applied to numerous fluid dynamics problems over the last
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several years, and have been employed as an analysis code in airfoil design procedures (ref. 25).
The primary purpose of this paper is to discuss, and in many instances, analyze, the components
of the schemes in these codes.

Sections 2 and 3 of this report give the flow equations and describe the finite-volume
formulation for spatial discretization. Three alternatives for numerical approximation of viscous
stress and heat flux terms are discussed, and the influence of grid stretching on numerical
accuracy 1s determined.

Section 4 of this report discusses artificial dissipation. After outlining the historical devel-
opment of a form for dissipation, the scalar dissipation model frequently used with the present
schemes is given in section 4.2. The selection of boundary-point difference operators is an impor-
tant consideration for the dissipation model. Suitable operators are given, and how local mode
analysis can often provide an evaluation for a proposed boundary-point difference operator is
shown. Analysis based on considering the dissipative character of the discrete system of equa-
tions is also performed. Section 4.5 examines the intimate connection between the formulation
of an upwind scheme and a central difference scheme, and a foundation for a matrx dissipation
model is established. Section 4.6 describes the matrix dissipation model used with the present
schemes.

Section 5 discusses the discrete boundary conditions. Section 6 defines the class of explicit
multistage time-stepping schemes considered and summarizes their properties. Next, the
stability of Runge-Kutta schemes for systems of equations is examined. Subsequently, a time-
step estimate for pseudotime integration of the flow equations i1s given. Since the temporal
and spatial discretizations are decoupled, these explicit schemes are amenable to convergence-
acceleration techniques. Section 7 addresses techniques used in this report, including local time
stepping, implicit residual smoothing, and multigrid. The nitial part of section 7 indicates how
the discrete system of flow equations is preconditioned with local time stepping. Section 7.2 first
discusses constant coefficients for implicit residual smoothing, and also presents basic properties
of residual smoothing. Next, a form for variable coeflicients for implicit residual smoothing
based on stability analysis of a 2-D linear wave equation is introduced. From this form, two
different formulas for variable smoothing coefficients evolve, and these formulas are compared.
These variable smoothing coefficients still generally require a time-step estimate that depends
on a diffusion imit. The last part of section 7.2 shows how to use variable smoothing coefficients
to construct new coefficients that can allow removal of the diffusion restriction. Section 7.3
describes the basic elements of multigrid methods and delineates the salient features of the
present multigrid algorithm.

Section 8 discusses turbulence modeling. Both an algebraic equilibrium model and a half-
equation nonequilibrium model are considered. Details for implementation of the turbulence
models are given. Section 9 states concluding remarks.

2. Mathematical Formulation

In this section the integral form of the full Navier-Stokes equations i1s defined. Boundary
conditions for the infinite domain problem are then given to complete the general mathematical
formulation. Section 3 discusses the discrete analogue of the full Navier-Stokes equations,
section 4 mtroduces the reduced form of these equations that 1s frequently solved in aerodynamic
applications, and section 5 gives boundary conditions for the truncated (finite) domain problem.

2.1. Equations

Let p denote the density, v and v represent velocity components in the x and y Cartesian
directions, respectively; p is pressure, T' is temperature, £ is specific total internal energy, and
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H 18 specific total enthalpy. If body forces and heat sources are neglected, the 2-D, unsteady
Navier-Stokes equations can be written in conservative form in a Cartesian coordinate system
as

d
—/'WW+/fuw:0 (2.1.1)
at ) Jy s
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Here, e, and ey are unit vectors of the Cartesian coordinate system (z,y), and n is an outward-
pointing unit vector normal to the curve S enclosing the region V. Air is the working fluid used
in this paper. The air is assumed to be thermally and calorically perfect. The equation of state

is

p=pRI (2.1.2)
where R = ¢, — ¢y, and the specific heats ¢, and ¢, are constant. The quantities p and A
are the first and second coefficients of viscosity, respectively, and A is taken to be —%/,L (Stokes
hypothesis). Either a simple power law or Sutherland’s law can be used to determine the
molecular viscosity coefficient p. The coefficient of thermal conductivity k& is evaluated using
the constant Prandtl number assumption. The effect of turbulence is accounted for by using the
eddy-viscosity hypothesis. (See section 8 on turbulence modeling.)
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2.2. Physical Boundary Conditions

In the continuum case, either an external or an internal flow problem defined for an infinite
domain is considered. Thus, appropriate conditions at wall boundaries, which are assumed to
be solid, must be defined. Later, in the discrete case, finite domains are defined. Suitable inflow
and outflow boundary conditions must then be defined.

For inviscid flows, the tangency (or nonpenetration) condition
qn=0 (2.2.1)

must be satisfied, where q i1s the velocity vector and n is the unit vector normal to the surface.
Now, consider the vector momentum equation

Dq
pm— —Vp (222)

where Dq/Dt denotes the substantial derivative of q, and V is the gradient operator. Clearly,
the substantial derivative of q - n must vanish along the surface boundary. Therefore

p(%+q~v> (@'m)=0 (2.2.3)

If the inner product of the unit normal and equation (2.2.2) is subtracted from equation (2.2.3),
then

pa-(q-V)n=mn-Vp (2.24)
Now, consider the transformation (z,y) — (&,n), take n(x,y) = constant to coincide with
the surface boundary, and note that the contravariant velocity component V = —(yg/J_l) u+

(:L‘g/J_l) v (where the subscripts mean differentiation and J is the transformation Jacobian) is
zero because of equation (2.2.1). Then, from equation (2.2.4)

1

Py = —) [(I§x7/+ ygyn) pe + (yllu_ xn“) (vaff - Puyff)] (2.2.5)

s+

For viscous flows, the nonpenetration condition (eq. (2.2.1)) and the no-slip condition
q-t=0 (2.2.6)

(where t is the unit vector tangent to the surface) must be satisfied. In addition, a boundary
condition is required to determine the surface temperature. For this boundary condition either
the wall temperature 1s set to a specified value or the adiabatic condition

Q n=90 (2.2.7)
is imposed, where Q is the heat flux vector given in equation (2.1.1).

3. Spatial Discretization

A finite-volume approach is applied to discretize the equations of motion. The computational
domain i1s divided into quadrilateral cells that are fixed in time. For each cell, the governing
equations can be nondimensionalized and written in integral form as follows:

M
i// W dr dy—i—/ (Fdy—Gdzx)= vl (Fy, dy — Gy dx) (3.1)
ot [ Jo 99 e Joo
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where € is a generic cell (or cell area) with 9€2 the cell boundary. In the scaling factor for the
viscous terms on the right side ofequation (3.1), the quantities v, M, and Re are the specific heat
ratio, Mach number, and Reynolds number, respectively, with M and Re defined by nominal
conditions. These factors arise because of the choice of nondimensionalization of the equations.
The flux vectors are defined by
o
pu? + pw

puv

pul

Tyl?
G’u = O'y

or
UTyr + Voy — k—
LY Y Oy 4

The independent variables z, y, and ¢ are nondimensionalized as

x
xr = =—
lyef
,_
lref
t:zi}ref
lre[

where Uref = \/Pref/pref, and the tilde in this section represents a dimensional variable.
Examples of a reference length are the chord for an airfoil and the throat height for a nozzle
flow. The thermodynamic variables p, p, and 7" and the transport coeflicients u and & are
nondimensionalized by their corresponding quantity evaluated at some reference condition. The
velocity components are scaled by @,.f, and the total quantities £/ and X are scaled by &fef. For
external flows, the nominal conditions are based on free-stream values, and for internal flows,
the nominal conditions are based on stagnation values.

Partition the computational region with quadrilaterals and apply equation (3.1) to each
quadrilateral. This process is equivalent to performing a mass, momentum, and energy balance
on each cell. A system of ordinary differential equations is obtained by decoupling the temp oral
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and spatial terms. In particular, consider an arbitrary quadrilateral (fig. 1, ABCD), and
approximate the line integrals of equation (3.1) with the midpoint rule. Let the indices (4,7)
identify a cell. Then, by taking W ; as the cell-averaged solution vector, equation (3.1) can be
written in semidiscrete form as
d

where €2; ; 1s the area of the cell, and £ 1s a spatial discretization operator defined by
£ = Lo+ Lp + Lap, with the subscripts €| D, and AD referring to convection, diffusion,
and artificial dissipation, respectively. The convective fluxes at the cell faces are obtained by an
averaging process. The convective flux balance is computed by summing over the cell faces as

4

LoWij = (Fo)-Si (3.3)
=1

with the flux tensor associated with convection given by (F¢); = Fje; + Gey, and for each cell
face [, the directed length S; is expressed as

S;=(Ay)je; — (Ax) ey (3.4)

where the proper signs of (Axz); and (Ay); produce an outward normal to the cell face. The
augmented, convective flux tensor is evaluated as

1.
(70)125(“7 qg +Whqh),+ P (35)

Figure 1. Finite-volume discretization.



where

0 (pavg)ier (Pavg)iey ((pq)an)l]T

l\D|»—k —

(Pavg); = 50~ +p* )

—_

((P@)avg); = 5(P7a” +pTat),

and the superscripts minus (—) and plus (4) indicate quantities taken from the two cell centers
adjacent to the edge [. The symbol q denotes the velocity vector. In this section, the subseript
avg always refers to the simple average defined in equation (3.5) for a given edge .

The contribution of the diffusive fluxes in equation (3.2) is evaluated as

4

LpW; ;= Z(TD)['SI (3.6)
=1

where S; is given by equation (3.4), and (Fp); = (Fy); ez + (Gy);ey First-order spatial
derivatives are in the flux vectors Fy and Gy. In the present finite-volume method, these
derivatives are determined using Green’s theorem. For example, consider the cell face BC in
figure 1. The contributions u; and uy to the viscous flux across BC' are approximated by their
mean values as follows:

(ux)z‘,j—i—l/Q = (uz)pc = // Uy do dy
1

1
(uy)i,jq_l/z = (“y)BC: ﬁ//&z’ uy dr dy

1
= —— u dr 3.8
& Joqr (38)

where € is the area of an appropriate auxiliary cell.

Three alternatives for computing the diffusion-type terms have been considered. The first
two approximations for a diffusive flux are obtained with finite-volume methods, and the third
approximation i1s determined with a frequently used method based on a local transformation of
coordinates. A comparison is now made between these three choices.

For the comparison, consider the molecular transport processes associated with cell face BC'
for the z-momentum equation only. Let ®pc = [(Fp)pc - Spcly = (00 Ay — Ty AJL’)BC. In
one finite-volume method the integration path A'B'C' D’ (fig. 1) used in references 16 and 26 is
considered. Applying the midpoint rule for the required line integrals results in

/JJ ;
p = L‘”ﬁ [P10; j41 + doui j+ dgup + dquc]

#avg

+ [65vi j41+ d6vij + d7vB + d8vC] (3.9)
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where A
P1 = 5 AyBC AyB/C/ + AIBC AJL’B/C/

4
P9 = §Ay3(7 AyD/A/ + AIBC Al‘D/A/

4
03 = 3 AYpo Ay p + ATBC AT B!

4
2

¢5 = gAyBC Aﬂ?BIC/ - AZUBC AyB/C/
2

¢6 = —AyBC AID/A/ —AIBcAyDIA/

[NSRG)

07 = =Aypo Ax g1 — Axpc Ay g g

[ NSRS

1
up = 7 (g 4 Wit g+ uigen+ i)

[N

uc =g (i + izt j + i j1 + w1 j41)

with vp and v¢ defined similarly, and

Axpgo = o — 2p
Aypc = Yo — B
fravg = = (fti j + Mi j+1)

Q' =

= N =

(Qj+ Qi j11)

Martinelli (ref. 27) introduced a different integration path for calculating the viscous terms
(delineated as BFCE in fig. 2). Integrating around the boundary BFCFE with the trapezoidal
rule results in

ft 4 1
bpo = ﬁ [(gAyQBC + Aﬂ?QBc) (Ui,j+1 - Ui,j) - (gAxBC AyBC’) (Ui7j+1 - Ui7j):|

7 4
+ 2?;,% [(gAyEF Aypo + Arpp A?’?BC) (up — “C‘)]

fa 2
+ 2;{,% KgAMF Aypc — AYpr AQJBO) (vB — v(?)] (3.10)



Figure 2. Alternative integration path for physical diffusive fluxes.

where
Arpp = ®ij41— i

Ayprp = Yij+1— Vi
and ' is the area of the region enclosed by BFCE. The area Q" is given by

Q” —

po| —

(Arcp Aypr — Arppr Ayop)

All other quantities in equation (3.10) are defined the same as in equation (3.9). The form of
® g given by equation (3.10) is much more compact, requiring fewer arithmetic operations than

the form of ® g given by equation (3.9).

A third approach for computing the diffusion-type terms is based on a local transformation
from Cartesian coordinates (z, y) to arbitrary curvilinear coordinates (£, 7). Derivatives with
respect to @ and y are expanded according to the chain rule for partial differentiation. The
resulting relation for ® g 1s as follows:

Ppo = Svlg |:<§Ay(73y£ + Al’CBl‘g) uy + (gAy(jBfg - Aﬂ?BCQ{-‘) U7/:| B

e [/ 4 2
+ Have [(—Aychn + Al‘BO?«“n) ug + (§Ay30% - Al‘BC%) “é] . G
B

Qf 3
where
re = Azop
ye = Dycp
Ty = Arpp
Yn = A:‘JEF
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With a uniformly spaced computational domain (A¢§ = An= 1), ®g in equation (3.11) is the
same as ® g in equation (3.10), except for the area factor. For a Cartesian mesh, the expressions
for ® po in equations (3.9), (3.10), and (3.11) are equivalent. If the streamwise-like differences
associated with the viscous flux quantities are neglected, which is the thin-layer Navier-Stokes
assumption, only the terms inside the first set of brackets are retained.

Note that with the thin-layer formulation, there are viscous contributions to the fluxes at
faces BC' and DA only. The following vector approximates the integrand of the right side of
equation (3.1) at cell faces BC' and DA:

0

-
P = 1
72

Uavg Tl + Vavg T2 + @ {

where ay
T = Qavg (¢1u77 - ¢2“77)
avg
T = gavg (830 — Pouy)
avg
A Havg gl
= T
@ PrQayg ('y—l) o4ty
4
91 = gyg + x?
by = 1
2 = ToEYE

4
¢3=§l‘§+y§
b1=f +y}

Unless otherwise indicated in the text, the thin-layer form of the equations is solved.

Significant differences in the numerical solutions have not been observed when applying the
three methods for approximating the diffusive terms. Notable differences in the numerical
solutions were not expected when solving the Navier-Stokes (thin-layer or full) equations on
sufficiently smooth meshes (i.e., meshes without kinks or sudden jumps in mesh intervals). In
this paper the integration path of Martinelli (ref. 27) is used in the finite-volume method for
computing the viscous fluxes. With this choice of integration path (ref. 27), the mean values of
the viscous stresses for a given cell edge are obtained at the midpoint of the edge, even when
there is a kink in the grid. This is not true for the path used in equation (3.9). Also, with the
integration path of equation (3.10), there are fewer arithmetic operations required than with the
path of equation (3.9).

Theoretical estimates of the order of accuracy of the cell-averaged scheme are now introduced
based on one-dimensional (1-D) analysis using Taylor-series expansions. Consider the coordinate
grid around the location denoted by the index i (fig. 3). Let ¢ be a test function. The numerical
values of the first and second derivatives of this function are then given by

1, Awy+Ar 1 Azj— Al
(02)num = iqj)xT + Z¢zx+T + O(A$2) (3.12)
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Figure 3. One-dimensional discretization for three-point cell-centered scheme.

and

1, AwyAr. 1 A2 — A2
(q’)x:r)num = §¢x:&T + g¢xx:r+A—x

1 Az + Ax3_
+ Srbarer————+0(Az?) (3.13)

respectively, where the derivatives in the expansions are evaluated at . The approximations of
equations (3.12) and (3.13) are zeroth-order accurate on arbitrarily stretched meshes. However,
assuming a constant stretching factor of the grid (i.e., 3 = Axyy /Az = constant), the following
relations are obtained:

1
Ar__ =Ar =
B
Axr_ = lAr (1—1— l)
2 B (3.14)
Al‘++ = A:E /6
Azy = %Ar (1+75)

For viscous flows, grids with constant stretching factor 7 are often used. If these grids are refined
by doubling the number of points, then

6]‘2\/E<1+602_1

where 3 > 1 and the subscripts f and ¢ refer to fine and coarse grids, respectively. To estimate
the error reduction when refining the stretched mesh, the approximation

Brl+CyAe (3.15)

is used. Then, if the quantities in equations (3.14) and (3.15) are substituted into equations (3.12)
and (3.13), respectively, the result is

(@2)num = ¢ + iq&x (Cp Az)® + %Cﬁém Az’ + O(Az?) (3.16)
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and
1 2 1 9 1 2 3
x&)yum — Prz T Yrx T pB%rrx T Yrrex .
(¢zz) bre+ T0re (Cg A2)" + 3C30000 A + T30rzea A” + O(A2?) (3.17)

respectively, for Az << 1. Thus, second-order accuracy is achieved for the inviscid and viscous
terms m the flow equations on smoothly stretched meshes. Additional discussion of accuracy is
found in reference 28.

4. Artificial Dissipation

The basic finite-volume scheme described in section 3 contains no dissipative terms in the
case of inviscid flows. To prevent oscillations near shock waves or stagnation points, artificial
dissipation terms are added to the governing discrete equations. The introduction of appropriate
dissipation in the vicinity of shock waves satisfies an entropy condition. In gas dynamics, an
entropy condition can be the second law of thermodynamics, which states that the physical
entropy cannot decrease. The entropy condition guarantees the uniqueness of weak solutions
(i.e., solutions containing shock waves) and thus ensures a physically correct solution. (See
ref. 29 for further discussion.)

Another type of dissipation term is added to the discrete flow equations. This term 1sincluded
to provide background dissipation, which is important for converging the numerical scheme that
will be used to compute flow solutions. These dissipation terms also prevent odd-even point
decoupling (i.e., creation of sawtooth, or plus-minus waves, with wavelength of two times the
mesh spacing). For viscous flows, dissipative properties are present because of diffusive terms.
However, because of the nonlinearity of the equations of motion, the physical dissipation may
not be sufficient to guarantee stability, especially for the highly stretched meshes generally used
to resolve the steep gradients in shear layers. Thus, artificial dissipation i1s also included in
viscous regions to maintain the stability and robustness of the numerical procedure.

In this section some historical information regarding the form of the artificial (or numerical)
dissipation model used with many central difference schemes is discussed. This discussion
describes how the model evolved, and provides a rudimentary understanding of the model.
Next, the basic dissipation formulation and various modifications that have been investigated
are discussed. Boundary-point difference stencils are required for the dissipation model. Several
stencils are considered and analyzed. Next, the intimate connection between the formulation
for an upwind scheme and a central difference scheme is examined, establishing a foundation for
a matrix dissipation model. Section 4.6 presents the matrix dissipation model currently used.
This model relies upon characteristic decomposition of a flux vector.

4.1. Development of Dissipation Form

To simplify the historical notes in this section, consider the 1-D system of hyperbolic
equations (OW /0t) 4+ (0F /0x) = 0, where W and F are three-component state and flux vectors,
respectively. Let the 1-D domain be partitioned by intervals defined by Az = 2, 1/9 — 2;_1/2,
where the indices refer to interface points for adjacent intervals. Suppose the Lax-Wendroff
scheme 1s applied as follows:

W = W — r(Fipy0 — Fisy o) (4.1.1)
where the superscript n indicates time level, 7 = A¢/Ax, and the interface flux is
w1 L 42
Fivip=Fihye= gFit Fip) = orA7 (Wi — W) (4.1.2)
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with A representing the flux Jacobian matrix (an element Az, = 0F;/0W). All quantities are
evaluated at time level n unless noted otherwise.

In the initial work of computing flows with shock waves by using the Lax-Wendroff scheme,
the solutions contained oscillations in the vicinity of the shock wave. Then, Von Neumann and
Richtmyer (ref. 30) introduced an additional dissipation term to remove shock wave oscillations.
Including this term, equation (4.1.2) is rewritten as

_ pLW (2)
Fz‘—|—1/2 - Fi+1/2 - di+1/2(wi+1 - W;)

or in the continuum

A
dx
where F* is the physical flux function. The term d(®) is often called an artificial (or numerical)

viscosity and plays the role of a control function. Hirsch (ref. 29) showed that the form of D(2)
considered by Von Neumann and Richtmyer (ref. 30) can be written for a system as

F=F—Azd? F*— D2

(2) _ () A2y |IW | IW
D) =¢ A$\If‘ax - (4.1.3)

where the coefficients ¥ > 0 and can depend on the mesh index ¢, and each element of D(2)
depends on the corresponding element of W. Now, suppose the flux difference is computed by
(Fi+1/2_Fi—1/2) in equation (4.1.1) using equation (4.1.3). Then, in the case of the continuum,
the total dissipation is given by

D@ — 30 (\If oW

OW
tot Ox Oz ) ( )

Or

This dissipation term can be characterized as third order. However, Az~! appears In equa-
tion (4.1.1), so effectively, equation (4.1.4) defines a second-order term.

In 1975, MacCormack and Baldwin (ref. 31) appended a dissipation term for shock capturing
to the 1969 scheme of MacCormack (a two-step Lax-Wendroff type scheme (ref. 32)). This
dissipation term was introduced to remove oscillations at shock waves caused by the spatial
differencing of the MacCormack scheme. 'This dissipation term 1s proportional to a second
difference of the pressure and is given by

(4.15)

(2)

In smooth regions of a flow field, the product of Az~ and the dissipative flux balance D, s
third order, while the product of Az—! and Digz is first order in the neighborhood of a shock

wave.

As indicated, numerical dissipation is not only important in capturing discontinuities, it is
also generally required to maintain stability and provide necessary background dissipation for
convergence. In 1976, Beam and Warming (ref. 2) added to the explicit side of their implicit
approximate factorization (AF) scheme with what they called a fourth-order dissipation term
to damp high-frequency error components. With the Lax- Wendroff scheme, this fourth-order

dissipation term would appear as
4 O'W
dat

DY = —cWAp (4.16)
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It seems more appropriate to define the order of the dissipation relative to the spatial discretiza-
tion of the physical terms in the flow equations. So when considering AazilDEig, the dissipation
term is third order. At any rate, a fourth-difference dissipation is included, and along with the
second-difference term of equation (4.1.5), provides the basic ingredients for constructing a com-
plete, adaptive dissipation model. The second-difference term of equation (4.1.5) allows shock
capturing without oscillations, while the linear fourth-difference term of equation (4.1.6) pro-
vides the important background dissipation. The critical element missing i1s a switching function
that would turn on the appropriate dissipation form in a region and turn off the dissipation form
that is not the desirable type (i.e., near shocks D(2) of eq. (4.1.5) should dominate, with D(#)
of eq. (4.1.6) negligible, while in smooth regions, D) of eq. (4.1.6) should dominate, with D(2)
of eq. (4.1.5) negligible). In section 4.2, the dissipation model that adds a switching function to
the two basic types of dissipation terms just discussed is described.

4.2. Dissipation Model

To permit a complete description of the dissipation model, the two-dimensional Euler
equations are now considered. The dissipation is based on the model introduced by Jameson,
Schmidt, and Turkel (ref. 1) that defined a suitable switching function (at least for transonic
and low supersonic flow) to allow blending of the second and fourth differences. According to
the nonlinear model (ref. 1), the quantity £4p W, ; in equation (3.2) is expressed as

2 4 2 4
LipWij = _(Df — D&’ + D” - Dy/)wi,j (4.2.1)

where (&,7n) are arbitrary, curvilinear coordinates, and

2 _ (2)

DeWij = Ve {(Ai—«—l/?,j €i+1/2,j)A5] W, j (4.2.2)
Iy @)

DEW, ;= V¢ {(AM/QJ. e ) e Ve AS} W, (4.2.3)

where ¢ and j are indices (for a cell center) associated with the £ and n directions, respectively,
and A¢ and V¢ are forward and backward difference operators in the { direction, respectively.
The definitions are similar in the n direction. The variable scaling factor A is defined as

1
’\i+1/2,j = B [(Af)ij + (/\5)1'—1—1,]' + (/\TI)i‘j + (ATI)i—}—l,j] (4.24)

where A¢ and A; are the largest eigenvalues in absolute value (ie., spectral radii) of the flux
Jacobian matrices associated with the Euler equations. These spectral radii are given by

Ae = |uyn — vay| + cy /y% + x?]
Ay = Jvzg —uye| + 24 y2
n ¢ Y¢ c xg yg

(4.2.5)
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where u and v are Cartesian velocity components, and ¢ is the speed of sound. The coefficients
£(2) and ™ use the pressure as a sensor for shocks and stagnation points, respectively, and are

defined as @)
2
Cit1/2) = ol )maX(Vi—Lj; Vi jsVitljsVit2,j)

3\

Pic1,j—20ij+Piy1y

v = 4.26
" ‘Pi—l,j + 2pij+pit1y (4.26)
(O [ (4) _ (2) ]

€i11/9,; = max 0,(x Ei—l—l/?,j) )

where typical values for the constants £(2) and £(4) are in the ranges 1/4to1/2and 1/64to 1/32,

respectively. This paper shall refer to equations (4.2.1) and (4.2.6) as the Jameson, Schmidt,

Turkel (JST) scheme (or dissipation model), and shall designate v as the JST switch. It should
(2)

be mentioned that in reference 1, the coefficient Sif1)2j = w(2) max(v; j,¥i+1,j). The switching
function v can be interpreted as a limiter, in the sense that it activates the second-difference
contribution at extrema and switches off the fourth-difference term. Moreover, at shock waves,

the dissipation is first order, and a first-order upwind scheme is produced for a scalar equation.
In smooth regions of the flow field the dissipation is third order.

Thus, two different dissipation mechanisms are at work, and the switch determines which
one is active in any given region. For smooth flows, v is small, and the dissipation terms consist
of a linear fourth difference that damps the high frequencies the central difference scheme does
not damp. This dissipation is useful mainly for achieving a steady state and is less important
for time-dependent problems. In the neighborhood of large gradients in pressure, v becomes
large and switches on the second-difference viscosity while simultaneously reducing the fourth-
difference dissipation. This viscosity 1s needed mainly to introduce an entropy condition so that
the correct shock relationships are satisfied and to prevent oscillations near discontinuities. For
subsonic steady-state flow, this viscosity can be turned off by choosing €@ = 0.

The isotropic scaling factor of equation (4.2.4) is generally satisfactory for inviscid flow
problems when typical inviscid flow meshes (i.e., cell aspect ratio O(1)) are used. The isotropic
scaling factor can create too much numerical dissipation in cases of meshes with high-aspect-
ratio cells. The adverse effect of high-aspect-ratio cells is an important consideration for high
Reynolds number viscous flows, where a mesh providing appropriate spatial resolution can have
cell aspect ratios 0(103). In an effort to improve this cell aspect ratio situation and obtain
sharper shock resolution on a given grid, Swanson and Turkel (ref. 19) replaced the isotropic
scaling factor of equation (4.2.4) with the anisotropic scaling factor

1
Air1/2, = 3 |(Aed ;T ey (4.2.7)

A similar scaling is used in the 5 direction.

The anisotropic scaling idea was motivated by the scaling of dissipation occurring in
dimensionally split, upwind schemes (i.e., the flux vector split scheme (ref. 12) and the
approximate Riemann solver (ref. 13)). Anisotropic scaling is often referred to as individual
eigenvalue scaling. While the accuracy is improved with equation (4.2.7), particularly with
respect to shock resolution, individual eigenvalue scaling in the streamwise (&) direction can
be too severe for a standard multigrid algorithm. Moreover, the effectiveness of the multigrid
driving scheme in damping high frequencies in the & direction can be significantly diminished,
resulting mm a much slower convergence rate.
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An alternative to the individual eigenvalue scaling was proposed by Martinelli (ref. 27), and
considered by Swanson and Turkel (ref. 19). This modified scaling factor, which is a function of
mesh-cell-aspect ratio, is defined as

1
Air1/2,5 = FlAe)i g+ (Aedivn] (4.2.8)

where

(Ae)ij =i i(r) (Ae)i

¢ij(r) =1+ Tg,j

Here, r is the ratio A,,/)\g, and the exponent ( is generally taken to be between 1/2 and 2/3.

(4.2.9)

In the normal direction (7), (A,);; = qSi’j(r*l)(A,,)i’j is defined. Thus, the scaling factor
of equation (4.2.8) is bounded from below by equation (4.2.7), and bounded from above by
equation (4.2.4). As demonstrated in references 19 and 20, the scaling factor of equation (4.2.8)
produces a significant improvement in accuracy for high-aspect-ratio meshes, and permits good
convergence rates with a multigrid method. The scheme in this paper uses this modified scaling
factor.

The impact of the dissipation form on the energy of a system of flow equations is now
examined. For simplicity, consider the 1-D, time-dependent Euler equations, with numerical

dissipation terms given by

J_la_w 8—F—D?W DiW 4.210
or T T e T (4:210)
where
D?W = 9 <5(2)aﬂ>
3 a¢ aE
d PW
dw = L[ ()Y
DeW = 5 (E a£3>

and 2(2) = /\6(2), @) — /\6(4), and J~! is the inverse transformation Jacobian. Form the
inner products of WI', with T denoting transpose, and both sides of equation (4.2.10), and
then integrate over a domain 2. After integration by parts and neglecting boundary terms, the
equation

19

2 _ (2) _ j(4)
55 Wi _ﬂuxterm+J[I I ] (4.2.11)

is obtained, where

|w%AW@

2
@ - _ [ (W
I‘Lg(%>@

2w\ 2 (1) [ awT W
74 - _/ =4 (6_2> d£+/ oz 4 . <8_2> de
Q 23 o 9 23 3
The second-difference dissipation term 12) only decreases the L2 norm of the solution vector
(i.e., it decreases the energy of the system), and thus, is strictly dissipative. The fourth-difference

dissipation term 1™ contains a dispersive part and a dissipative contribution.
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An alternative form for the third-order dissipation term (the last term in eq. (4.2.10)) is

92 9?W
4 = 7(4)

which can be written in the discrete case as

4
DEW; = Ve Ac [\ £y, A Wi (4.2.12)

This modified form produces only dissipative contributions. If Q; = /\Z-EZ(.4)V€ A¢W;, then
VeAeQ; = 6Qi+1/2 —6Ql~_1/2, where 6 is the standard, centered-difference operator. Therefore,
the form of equation (4.2.12) is conservative, provided A and £(4) are evaluated at the cell centers
rather than at the cell faces. In reference 19, numerical tests were performed with the dissipation
terms of equations (4.2.3) and (4.2.12). For steady state, there seems to be no consistent benefit
for either convergence or accuracy when using the form of equation (4.2.12). Based on these
results, the form of equation (4.2.3) is still used. However, for unsteady flows, equation (4.2.12)
may offer an advantage because of the absence of dispersive effects that can cause phase errors.

Until now, a scalar viscosity in which the viscosity is based on differences of the same quantity
advanced in time has been considered. (See eq. (4.2.10).) The disadvantage is that the total
enthalpy is no longer constant in the steady state, even when total enthalpy should be identically
constant for the inviscid equations. The total enthalpy 1s constant for the steady-state Euler
equations because the energy equation is a constant multiple of the continuity equation when H
is constant. Hence, reference 1 suggests that the dissipation for the energy equation be based on
differences of the total enthalpy rather than the total energy. Thus, a typical situation in one
dimension is to replace equation (4.2.10) for the energy equation by

g-10pE  OlpHu)

= i DZ(pH) — D{(pH) (4.2.13)

where pH = pE + p. Reference 33 shows that equation (4.2.13) indeed yields a constant total
enthalpy, but that the entropy tends to be less accurate than if the dissipation term for the energy
equation is based on differences of p £ rather than pH. Thus, both choices have advantages and
disadvantages. The total enthalpy formulation is used in this paper.

4.3. Boundary Treatment of Dissipative Terms

In acell-centered, finite-volume method, the first and last cells in each coordinate direction are
auxihiary cells where the flow equations are usually not solved. The solution in these cells is found
by a combination of the given physical boundary conditions and numerical boundary conditions.
Thus, there i1s no difficulty evaluating the second-difference dissipation term at the first or last
interior cell in a given coordinate direction. In the case of the fourth-difference dissipation term,
the treatment must be modified at the boundaries of the physical domain because only one
layer of auxihary cells is considered. Moreover, the standard five-point difference stencil must
be replaced at the first two interior mesh cells relative to a wall boundary; thus, one-sided or
one-sided biased stencils are used at these cells. The dissipative character of these stencils is
mmp ortant because it influences both stability and accuracy. For example, if the dissipation is
too large at a solid boundary, an artificial boundary layer is created in an inviscid flow, and the
effective Reynolds number for a viscous flow is altered.

4.3.1. Boundary-point operators. Inthis section, the two types of discrete boundary-point
operators (difference stencils) used with the present scheme for solid surfaces are defined.
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Figure 4. Boundary-point dissipation.

Next, these operators are evaluated by applying a local mode analysis. In addition, this
section shows how this local mode analysis can provide an evaluation of candidate boundary-
point operators once a basis for comparison is established. A more complete analysis for
the boundary-poimt operators 1s based on the dissipation matrix for the system of difference
equations approximating the governing flow equations. Sometimes the dissipation matrix can
be characterized analytically. In general, the eigenvalues of the dissipation matrix must be
determined. The approach for analyzing the dissipation stencils is discussed.

Consider the total dissipation resulting from a numerical flux balance for a mesh cell in a

particular coordinate direction. Let w; and d; denote a component of the solution vector W

and the corresponding total dissipation, respectively. The index j indicates the mesh cell being
considered. Let dj—|—1/2 and dj—l/? represent the dissipative fluxes at the cell interfaces j+ 1/2

and j—1/2, respectively (fig. 4). At a cell interface (for example, j+1/2), let (Aw)j+1/2 denote
the difference between the solution for the adjacent cells (w11 — w;). For simplicity, assume
Ael® = 1. Then, for any cell j

dj = djt179 —dj_12 (4.3.1)

where the dissipative fluxes are

dij172 = (Aw)jyze — 2Aw) 9 + (Aw)j 179
dj_1/p = (Aw)ji1s9 — 2(Aw)j_y 9 + (Aw); 379

Thus
dj = (Aw)j3/9 — 3(Aw)jyy /9 + 3(Aw);_1/9 — (Aw)j_3/9 (4.32)

or
dj = wj+2 — 4’LUj_|_1 + 6U)j - 4wj_1 -|- wj_Q

Consider the first two interior cells adjacent to a solid boundary (fig. 4). The total dissipation for
these cells is denoted by do and ds. At j = 2, a value for (Aw)l/Q must be determined because
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(Aw)l/Q 1s undefined. Also, in this formulation of the boundary-point dissipation stencil, no
functional dependence on wy i1s desired because wy is outside the domain. Hence, a value for
(Aw)3/2 must also be provided. If

(Aw)yjg = (Aw)s/g
/ 5/ (4.33)
(Aw)z/y = (Aw)s /9
then equation (4.3.2) gives
d9 = wy — 2w3 + w9 (4.3.4)
ds = ws — 4wy + bwg — 2wsy (4.35)

These boundary stencils are fairly standard and are used for inviscid flow calculations. An
alternative form, which reduces the sensitivity to solid-surface, normal mesh spacing for viscous
flow calculations without compromising stability or convergence, is obtained by replacing
(Aw)l/Q with (Aw)l/Q = Q(Aw)3/2 - (Aw)5/2 and leaving (Aw)3/2 unchanged. This form
is given by

d9 = wy — 3wy + 3wg — wq (4.36)

ds = wy — 4wy + 6wg — 4w + wq (4.3.7)

For turbulent flows, this boundary dissipation formulation (eq. (4.3.7)) is advantageous when
the mesh is fine enough to adequately represent the laminar sublayer region of the boundary
layer (i.e., at least two points are inside the sublayer). For coarse meshes, this treatment of the
dissipation can be less accurate than the zeroth-order extrapolation of equations (4.3.3).

4.3.2. Local mode analysis. A local mode analysis is now considered to evaluate the
relative damping behavior of boundary-cell difference operators. For comparison purposes, the
interior fourth difference is first characterized. Taking a Fourier transform of equation (4.3.2)

yields z;(0) = 4(cos@ — 1)2, where zj(0) is the Fourier symbol of the transformed d;, and 0

is the product of the wave number and the mesh spacing. Then, z;(#) ~ 0% for small 0, and
zj(m) = 16. The dissipation of long wavelengths is dictated by the behavior of z;(f) at small
@, and the dissipation of short wavelengths is governed by Zj(ﬂ'). As mentioned initially in this

section, this simple analysis assumes that A = 1. In practice, the coefficient &#® used in
the evaluation of £(4) for the fourth-difference dissipation affects the behavior of the boundary
dissipation stencil. The coefficient k(1) is chosen such that the highest frequency is highly
damped according to a stability analysis using the interior-point stencil. This is important for a
multigrid method and will be discussed n section 7.3. Near a boundary, the dissipation should
behave in a similar manner. In this dissipation model, the same value of x4 used for interior
points of the domain is also used near a boundary.

A general form of the difference stencils at j = 2,3 can be written as
dj = ozwj+2 — Bwj+1 + (6 + Y= a)w] — 7wj71
The associated Fourier symbol is given by
2j(0) = [+ v —2a(1l + cos0)] (1 — cos )
+i(y — B+ 2acosf)sind
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For small ¢ this Fourier symbol is replaced by

02 o4
z(0) = (ﬁ+'y—4o¢)7—|—a7
+i(20— B+7)0 —iab? (4.3.8)
and at ¢ = 7 reduces to
+5(m) = 23+ ) (4.39)
In the case of equation (4.3.4)
4
2(0) ~ 02—— i63 (4.3.10)

230)~ ——if? (4.3.11)

for small 4, with z3(w) = 12. Note that 29(f) and z3(#) are not real. Thus, there are both
dissipation and dispersion near the boundary. For the stencil of equation (4.3.6)

(0) ~ ——if? (4.3.12)
for small @, with z9(w) = 8, and for the stencil of equation (4.3.7)
24(0) = 0% (4.3.13)

for small 4, with z3(w) = 16. Comparing equations (4.3.10) and (4.3.12), which correspond
to the stencils of equations (4.3.4) and (4.3.6), respectively, shows that both stencils behave
the same for the long wavelengths, while equation (4.3.12) is twice as dissipative for the short
wavelengths. At j = 3, the stencil corresponding to equation (4.3.13) is fourth order on the
long wavelengths, whereas the stencil associated with equation (4.3.11) is only second order. In
addition, the symbol of equation (4.3.13) is more dissipative on the short wavelengths. Thus,
the improved accuracy and high-frequency damping observed for the stencils of equations (4.3.6)
and (4.3.7) in practice is substantiated with this simple analysis.

The method of combining the simple local mode analysis with the evaluations just considered
to quickly evaluate candidate dissipation stencils can now be shown. Consider a different set
of boundary-point stencils. If Aw is taken to represent either the component pu or pv of the
solution vector W, and the antisymmetry constraint (Aw)1/2 = (Aw)5/2 is imposed for viscous

flows, then equation (4.3.2) gives
dy = wq — Hwy + Two — 3wy (4.3.14)
dg = wy — dwyg + 6wy — dwo + w) (4.3.15)
The Fourier symbols of equation (4.3.14), using equations (4.3.8) and (4.3.9), are
29(0) & 267 (4.3.16)

for small 6, with z9(7) = 16, and the symbols for equation (4.3.15) are the same as given in
equation (4.3.13). Comparing equation (4.3.16) with equation (4.3.12) shows that the highest
frequency i1s damped better with the proposed stencil, but that the proposed stencil 1s only second
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order on the long wavelengths, while the stencil of equation (4.3.6) is fourth order, indicating
that better accuracy is obtained with equations (4.3.6) and (4.3.7). The improved accuracy has
been verified with numerical experiments (i.e., skin-friction solutions for turbulent airfoil flows
have been computed on 160 by 32 meshes and compared with high-density-mesh results).

4.4. Matrix Analysis

The associated dissipation matrix is examined to determine the numerical dissipativity of a
discrete system of equations, such as equation (3.2). For simplicity, consider the 1-D system

‘il—‘;" = DWw (4.4.1)
where w 1s a discrete solution vector, and D@ is a dissipation matrix corresponding to
fourth-difference terms. Taking the inner product w’ (the transpose of w) with each side of
equation (4.4.1), obtain 1/2 dw?/dt = w! D@Ww . If the quadratic form w’ D(*)w is nonpositive
definite, then the matrix D) is strictly dissipative. Moreover, the energy of the system is
nonincreasing. Assume there are boundaries at j = 3/2 and j = jl+ 1/2, and assume j = 2 and
7 = jlare the indices for the first and last interior points, respectively. Apply the boundary point
stencils of equations (4.3.4) and (4.3.5) at the first two interior cell centers at both boundaries,
and the standard stencil everywhere else. The resulting dissipation matrix is given by

p@W — (4.4.2)

-1 4 -5 2
L -1 2 1]
and the corresponding solution vector is given by
T
w=[w2 w3 wg ws ... wj2 wji-1 wj]
Then
jl—1
w DWw = =37 (wjy1 — 2wj +wj1)* <0 (4.4.3)
j=3

Thus, D) is strictly dissipative. This same result is obtained by Eriksson and Rizzi (ref. 34).
For a 10 by 10 matrix with the form of equation (4.4.2), Pulliam (ref. 35) obtains two zero

eigenvalues. Ideally, D should have no zero eigenvalues, since zero eigenvalues can possibly
produce undamped modes that cause instabilities (ref. 35).

Pulliam (ref. 35) recommends applying a stencil with the weights of equation (4.3.5) at the
first interior cell, and a standard stencil with the weights of equation (4.3.7) at the second interior

cell. Then
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pW -
-1 4 -6 4 -1 0
-1 4 -6 4 -1
-1 4 -6 4
L -1 4 =5/
and
jl—1
wlDWw = — Z (wj+1 —2w; + wj_1)2
j=3

— (w3 — 2wp)? — (wy_| — 2wj)* <0

(4.4.4)

(4.45)

Again, the dissipation matrix is strictly dissipative. Moreover, a 10 by 10 matrix with the
structure of equation (4.4.4) has zero eigenvalues (ref. 35). However, indications are that
for a cell-centered, finite-volume formulation, this boundary-point treatment of the dissipation
with the weights of equations (4.3.5) and (4.3.7), although appropriate at inflow and outflow
boundaries, is generally too dissipative at solid boundaries. Thus the stencils of equations(4.3.4)

and (4.3.5) are preferred at a wall boundary.

Now consider the stencils with the weights of equations (4.3.6) and (4.3.7). The dissipation

matrix 1s given by

pW —
-1 4 -6 4 -1 0
-1 4 -6 4 -1
-1 4 -6 4
L -1 3 -3
and
| -1
wl DWw = — > (wjp1 —2wj + wj—1)? 4 wn(wy — un) — (wy — wo)?
=3

2
—(wj— —wj)” + wi(wj—wj—1) <0
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From the quadratic form of equation (4.4.7), it does not directly follow that DW is nonpositive
definite, which is generally the case with the quadratic form. If the eigenvalues of a 10 by
10 matrix with the structure of equation (4.4.6) are determined, one is zero and the others
are negative. Therefore, the matrix D 1) s nonpositive definite. Although there is one zero
eigenvalue, the present scheme performs well using the boundary-point operators associated
with equations (4.3.6) and (4.3.7) at solid boundaries when solving viscous flow problems.

4.5. The Upwind Connection

Upwind schemes for solving hyperbolic systems of conservation laws (i.e., Euler equations of
gas dynamics) generally rely upon characteristic theory to determine the direction of propagation
of information and, thus, the direction required for one-sided differencing approximations of the
spatial derivatives. With upwind schemes, shock waves can be captured without oscillations.
Thus, a successful artificial dissipation model for a central difference scheme should imitate an
upwind scheme in the neighborhood of shocks. The connection between upwind and central
difference schemes is now reviewed.

Consider the 1-D scalar wave equation

Ou Ju

eqaa—x_o

with @ constant. The first-order upwind scheme can be written as

A [wri— e (@<0)
uttl = uj — a— (4.5.1)
J Az
Uy — Ui (a > 0)
where all discrete quantities are evaluated at time level n At unless otherwise denoted. The
scheme of equation (4.5.1) can be rewritten as

At ( )+ lal At
Uil — Us a| ——
j+1 7j—1 SN

Un+1IU'—Cl

j j QAm (uj+1—2uj—|—uj71) (452)

Equation (4.5.2) now contains a central difference term and a second-difference dissipation term.
Now consider the system

Ju Ju

4 A— =0 4.5.3

gt + Jx ( )
where u is an N-component vector. The system case can be converted to a scalar system by
diagonalizing the N by N matrix A with a similarity transformation A = T—LAT where the
columns of T" are the right eigenvectors of A. After diagonalizing equation (4.5.3), and applying
the scheme of equation (4.5.2), the first-order upwind scheme is given by

At At
u?+1 =uj— am(ujq_l —uj_1) + |A|m(uj'+1 —2u; +uj_q) (4.5.4)
where ,
Al = T|A| T
(4.5.5)
A = Diag[[Ai] - An]]
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Note that since A has only three distinct eigenvalues, by using the Cayley-Hamilton theorem, |A|
can be expressed as a quadratic polynomialin A. The generalization to a system of conservation
laws 1s as follows:

ot
3t+8r_

with f being an N-component flux vector, and

At At

where the Jacobian matrix A = 9f/0u, and |A| is defined the same as for equation (4.5.4). The

can be computed as either an arithmetic average or a Roe average (ref. 13).

matrix ‘Aj-i—l/Q
For transonic, steady flows the differences are negligible and the simpler arithmetic average is

used. Yee (ref. 36) found that the Roe average yields better results for hypersonic flows. The
Roe average also seems to give slightly better results for time-dependent problems.

4.6. Matrix Dissipation Model

Asindicated in section 4.5, high resolution of shock waves without oscillations can be achieved
by closely imitating an upwind scheme in the neighborhood of a shock wave. A key feature of
upwind schemes is a matrix evaluation of the numerical dissipation. With this matrix evaluation,
the dissipative terms of each discrete equation (associated with a given coordinate direction) are
scaled by the appropriate eigenvalues of the flux Jacobian matrix rather than by the spectral
radius, as in the JST scheme. Such a matrix dissipation also allows high resolution of wall
bounded shear layers (ref. 37). The modifications of the JST dissipation model required to
produce the matrix dissipation model currently used are now presented.

Consider the two-dimensional, time-dependent Euler equations in the form

o(J-'W) OF 0G
A e H R (] 4.6.1
o o an (4.6:1)

where F and G are flux vectors, W is the solution vector, and (£, ) are arbitrary curvilinear
coordinates. Define A and B as the flux Jacobian matrices 0F /OW and 0G/IW , respectively.
By extending the scheme given in equation (4.5.6) to two dimensions, it follows that the matrices
|A] and |B| must be the scaling factors in a matrix dissipation model. Now, consider the JST
dissipation model. The necessary modification to the contributions for the & direction of the
artificial dissipation term defined by equation (4.2.1) is to substitute matrix |A| for the eigenvalue
scaling factor A in equations (4.2.2) and (4.2.3). For the 7 direction, ¢ and matrix |A]| are
replaced by 1 and matrix |B|, respectively. Next, define explicitly the form for the matrix |A|.
Let A = Diag [A1 Ay Az Ag] with

AM=q+ a%—l—a%c
Ao =¢q— a%—l—a%c
Ag =

|

a1 =J" &

@3 Jﬁl’fy

q =aiu + agv
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Then,

where

A A
n ALl = A9 1
2 Ma%—ka% c
-6 —u
5 ugp  —u?
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v —uv
| Hp —uH
r 0 0
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—a2q dajaz
L—¢2  qay
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0

1
‘”J

q

(4.6.2)

Here, H is the total enthalpy, and ¢ = (u2 + 02)/2. Note that for the matrices I;, each row
is a scalar multiple of the other rows (except for zero rows). Hence, to find the product E;W,
simply find one element of the product £; W, and the other rows are then scalar multiples of
that element. Because of the special form of matrix |A| for any A1, A9, and Az, an arbitrary

vector x can be multiplied by matrix | A| very quickly. That is, calculate !AjJrl/Q! (Wit —Wj)

directly rather than calculate

computed the same way as matrix |A| by simply replacing & with 7.
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In practice, A1,A92, and Ag cannot be chosen as given above. Near stagnation points, A3
approaches zero, while Aj or Ay approach zero near sonic lines. A zero artificial viscosity creates
numerical difficulties. Hence, these values are limited as

|A1] = max[[A{ |, Viip(A)] )

p(A) = lg| + ey/a} + a3

|Aaf = max[[As], Vyp(4)]

|As] = max[|A3], Vo (4)] |

where the hnear eigenvalue Ag can be hmited differently than the nonlinear eigenvalues. The
parameters V, and Vp were determined numerically. Various values were evaluated by comparing
their corresponding computed solutions based on the sharpness of shock waves captured (without
producing oscillations) and convergence rate of numerical scheme. Based on this evaluation, a
good choice for V,, and V; is 0.2. However, in reference 37, accurate coarse-grid solutions for a
low-speed, high Reynolds number (5 x 105) laminar flow over a flat plate were not obtained with
Ve = 0.2. Accurate coarse-grid results (i.e., 5 to 10 points in boundary layer) were computed with
Vy = 0.01 for the direction normal to the plate, and V, = 0.2 for the streamwise-like direction.

Thus far, A;11/9 ; in equations (4.2.2) and (4.2.3) has been replaced by a matrix while leaving

the limiters ¢(2) and ¢(¥) as scalars. Also, ¢ and € can be introduced into the diagonal matrix
A, allowing different limiters to be chosen for different characteristic variables. For example,
the limiter may be based on pressure for the nonlinear waves. However, the pressure 1s smooth
through a contact discontinuity. Hence, a switch based on temperature may be more appropriate
for the linear wave. Different mesh scalings, and thus different ¢(r) for the linear and nonlinear
waves, could also be used.

5. Discrete Boundary Conditions

An important element when developing an accurate and efficient algorithm for solving the
Euler and Navier-Stokes equations i1s selection of proper boundary conditions. The choice of
conditions must be consistent with physical constraints of the problem of interest and the interior
discrete formulation. Moreover, the physical conditions generally must be supplemented with a
sufficient number of numerical relations to allow determination of all dependent variables.

In addition to defiming the conditions at solid or porous wall boundaries, the infimte domain
problem must be adequately simulated for external airflows. External airflow simulation 1s usu-
ally done by delineating boundaries at some distance from the primary region of consideration,
and then prescribing suitable boundary conditions for that location. In the case of a lifting
airfoil, the outer boundary position must be far enough away from the airfoil not to compromise
the development of the lift. For example, 5 airfoil chords would be too close, whereas 20 chords
would be satisfactory if the far-field vortex effect (ref. 38) is considered. Even for inviscid, non-
lifting airflow over a circular cylinder, an outer boundary placed too close to the cylinder can
cause 1naccurate prediction of the airflow over the aft portion of the cylinder.

At a sohid boundary, a row of auxihary cells is created exterior to the domain of the airflow.

By approximating the normal pressure gradient of equation (2.2.4) with a three-point centered
difference at the surface, the auxiliary cell pressure is obtained. The density at this cell is
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equated to the density at the first point off the surface. The tangency condition is enforced by
determining the Cartesian velocity components from

e L L
Viia Ye o Tely Linlio

)

where £ is the coordinate aligned with the surface boundary, ¢; and ¢, are the tangential and
normal velocity components, respectively, the subscript w means wall, and the indices (7, 1) and
(7,2) refer to the centers of the auxiliary and the first interior cells, respectively. The overbar

means the quantity is divided by (r% + y%) Finally, the total internal energy is computed

using the relation

1 1

pE = ——p+ =p(u® +7)
v—1 2

In the case of viscous flows, the no-slip condition is required, and is imposed by treating the
Cartesian velocity components as antisymmetric functions with respect to the solid surface.
Thus

Uil = —Uj9

Vil = —vi2

The surface values of pressure (p) and temperature (7') are computed using the reduced normal
momentum and energy equations

! (5.1)
o,
an

where 7 is the coordinate normal to the surface. As part of the boundary conditions, the option
to specify the wall temperature instead of imposing the adiabatic condition of equations (5.1) is
included.

To compute the unknown flow variables at the outer boundary of an external aerodynamics
problem, characteristic theory, some simplifying assumptions, and the concept of a point vortex
are used. Inappendix A, a point on the outer boundary and the two-dimensional Euler equations
are considered. Then, assumming a locally homentropic flow, the one-dimensional equations of
gas dynamics are derived (for completeness) for the direction normal to the boundary. The
elements of the solution vector are proportional to the local tangential velocity component and

the Riemann invariants
2c

—1

R+ =qn+
v
and
2¢
v—1

respectively, where the tangential and normal velocity components are defined as

R =q—

TeU+ Yev
4t = L 3 62
(ﬂfg‘i‘yg)
and
—ygu—krgv
n = > >
(wg + y¢)
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respectively. This set of dependent variables, the homentropic assumption, and characteristic
theory are used to determine the unknown flow variables.

To compute the discrete solution at the outer boundary points (as for the wall boundary), a
row of auxiliary (boundary) cells exterior to the domain is introduced. Then, at a boundary cell,
the normal velocity component ¢, and the speed of sound ¢ are computed from the relations

dn = <R+ + Ri)

e N N

c:%(m—fr)

where the characteristic variables RT and R~ are appropriately determined. Assume that
the flow normal to the boundary is subcritical. If inflow occurs, the characteristic variables
corresponding to the ingoing characteristics are specified. Since thisis actually a two-dimensional
system, an additional quantity must be given. It follows directly that the entropy s should be
specified (the flow is assumed to be locally homentropic). In practice, for convenience define
s* = p/p7, which has the same functional dependence as entropy, and use this variable in place
of entropy. So, for an inflow situation, set

N = Qo
Rt = RE, (5.2)
5* = 5?;0

and extrapolate R~ from the interior. If outflow ocecurs at the boundary, there is only one
ingoing characteristic (corresponding to RT), and thus, set Rt = RY and extrapolate ¢;, R,
and s* from the interior. In the particular case of supersonic flow, all characteristics are ingoing
if there is inflow, and are outgoing if there 1s outflow. Therefore, the dependent variables are
specified with their free-stream values if inflow occurs, and extrapolation is used to determine
the boundary flow variables if outflow occurs.

At a distance far enough away from a 2-D lifting body, the lifting body can be viewed
as a point vortex, with strength proportional to the circulation associated with the lift. The
components of the induced velocity at the far-field boundary caused by the vortex can then be
computed. Moreover, the effective velocity components at the far-field boundary are computed

as (ref. 38)

u:uoocosa—I—FsinqS} (53)

v = voosSina — F cos ¢

where
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Figure 5. Physical domain for airfoil calculations.

Here, the subscript oo refers to free-stream values, o is the angle of attack, R and ¢ are the
magnitude and angle of the position vector originating from a reference point at the body (i.e.,
quarter-chord point for airfoil) and extending to the far-field boundary point, respectively, ¢
is the body length, and ¢; is the lift coefficient. The polar angle ¢ is defined as positive in
the counterclockwise direction relative to a reference line (i.e., coinciding with chord for airfoil)
emanating from the leadingedge of the body and proceeding downstream. The Cartesian velocity
components u and v of equations (5.3) are used to compute the local tangential and normal
velocity components, respectively, required in the boundary conditions.

Consider the case of a C-type mesh wrapped around an airfoil, and denote the outer boundary
of a finite domain as X1 + X9 (fig. 5). For airfoil computations, the boundary cells at ¥ are
treated as described in this section. The boundary cells at ¥9 are also treated in this way when
the flow is inviscid. In the viscous flow problem, a portion of the boundary ¥, can generally be
wake flow. If the boundary conditions applied at 9 for inviscid flows are used for viscous flows,
mnstabilities can occur. One way to treat the boundary cells at X9 is to specify the pressure and
extrapolate the variables p, pu, and pv, which would satisfy the requirement of characteristic
theory to specify one quantity. However, this approach results in pressure-wave reflections, which
can seriously delay the convergence of the numerical scheme.

An alternative boundary-point treatment is to extrapolate all dependent variables; allowing
the outer and surface boundaries to determine a unique solution. Numerical experiments
demonstrate that solutions obtained applying these two treatments are essentially the same
near the airfoil. Furthermore, if the outer boundary is far enough away (i.e., 20 chords), there
is generally no effect on global quantities such as lift and drag. The second approach shows
noticeable improvement in the convergence behavior of the solution algorithm.

For internal flows where the inlet Mach number 1s subsonic, the specified flow quantities of
equations (5.2) are replaced with the total pressure, total enthalpy, and flow inclination angle.
These conditions are usually known for internal flow problems. The Riemann variable R~
is extrapolated from the interior of the domain. At a subcritical exit boundary the pressure
is specified, while the Riemann variable Rt the total enthalpy, and the velocity component
parallel to the boundary are extrapolated from the interior. If supersonic flow occurs at the
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inlet or exit boundary, the variables at that particular boundary are determined in the same
manner described in this section for supersonic external flow problems.

6. Basic Time-Stepping Schemes

In section 6.1, the class of Runge-Kutta (R-K) schemes used for time integration is defined.
The parameters associated with these R-K schemes and the requirements for determining the
parameters are discussed. Then, stability analysis for the four-stage and five-stage schemes
that are applied is conducted by considering a linear-wave equation. In section 6.2, stability
properties of R-K schemes for systems of fluid dynamic equations are presented. This requires
writing the Navier-Stokes equations in general curvilinear coordinates and defining associated
Jacobian matrices. With this framework in place, an estimate for the time step is given in
section 6.3.

6.1. Runge-Kutta Schemes

For problems where the area of a mesh cell is independent of time, the semidiscrete system
of equation (3.2) becomes

4
dt
where R(W ;) is the residual function defined by

W, +R(W; ) =0 (6.1.1)

R(W; ;) (Lo+Lp+Lap) W, j (6.12)

_ L
£ j

A variety of methods for the integration of ordinary differential equations (ODE’s) can be
used to advance the solution of equation (6.1.1) in time. Single-step, multistage schemes
(such as R-K schemes) are usually preferred, rather than linear multistep schemes (such as
the A dams-Bashforth scheme), because multistep schemes require more storage and introduce
implementation difficulties when combined with a multigrid method. A four-stage R-K scheme
(ref. 1) that belongs to the class of standard R-K schemes and is fourth-order accurate in time
is used to solve a system of ODE’s corresponding to the Fuler equations. The four-stage R-K
scheme can be written as

w0 — win) )
wl) — w0 _ %Rm)
W@ — w0 _ Al
2 (6.1.3)
w3 — w0 _ ArRr(2)
wd — w0 _ % (Rm) Lor(W 49RO 4 R<3,>)
wn+D) _ wid) )

where R = R(W(‘l)), the superscript n denotes the time level n A¢, and the mesh indices
(4,7) associated with the solution vector W are suppressed for convenience. If interest is only in
steady-flow problems, then the higher order accuracy in time 1s not important, and other classes
of multistage schemes can be considered. Schemes can be constructed with certain desirable
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stability and damping characteristics that lead to efficient steady-state solvers. For example,
the solution at the (¢ + 1)th stage (ref. 3) can be expressed as

with) —w _q ) AR (6.14)

where the residual function

R = (Z B LW 4 Z Sgr LW 4 qur ﬁADW(’”)> (6.15)

r=0 r=0 r=0

and the consistency conditions ) Fr = 1, "6, = 1, and ) vy, = 1 must be satisfied. The
basic parameters a), (where p = ¢+ 1 (¢ = 0,...,m — 1)) and the weighting factors Gy,
bqr, and 7qr must be prescribed to define the m-stage, time-stepping scheme. The desired
stability and damping properties of the scheme provide the requirements for determining the
basic parameters and weighting factors. Both hyperbolic and parabolic stability limits must be
considered. The hyperbolic and parabolic imits are intervals along the imaginary and negative
real axes, respectively, in the complex plane. The coefficients «; can be chosen to have the
best possible hyperbolic or parabolic stability imit without special regard to the high-frequency
damping characteristics of the scheme. However, if the scheme is used as a driver of a multigrid
method, the scheme must effectively damp the highest frequency error components.

Van der Houwen (ref. 39) gives the parameters ap that correspond to the maximum (or nearly
so) attainable Courant-Friedrichs-Lewy (CFL) number. For schemes with an odd number of
stages, Van der Houwen proved that the largest possible stability interval along the imaginary
axis of the complex domain is (m — 1). Vichnevetsky (ref. 40) conjectured that (m — 1) is also
the optimal CFL number when m is even, and demonstrated this concept for m = 2 and 4.
Sonneveld and Van Leer (ref. 41) proved that the (m — 1) CFL number limit is valid when m
is even. Jameson (refs. 3 and 42) considers schemes with the a},’s of Van der Houwen, and
defines appropriate weighting factors for the artificial dissipation evaluations to yield a good
parabolic limit. Although the «;’s are obtained using only a hyperbolic stability limitation,
they are still a good choice for a viscous flow solver, especially at high Reynolds numbers. That
is, the convection (hyperbolic) limit on the time step remains the controlling stability factor for
practical aerodynamic flows.

Several members of the class of schemes defined by equations (6.1.4) and (6.1.5) have been
analyzed in reference 42 by considering the model problem

dw  dw 30Mw
at—l—a——l—qAa@ o =T =

5 0 (6.1.6)

Equation (6.1.6) is the 1-D, linear-wave equation with a constant-coefficient, third-order dissi-
pation term. If the spatial derivatives in equation (6.1.6) are approximated with central differ-
encing, then

dw N N
At—r = —7(w?+1 —wi'_q) — 64;(%’@2 — 4wl + 6w] — dw]_ |+ w]_y) (6.1.7)

where N = a At/Az is the Courant number. Taking the Fourier transform of equation (6.1.7),
obtain

At— = z @" (6.1.8)

where the Fourier symbol

z = —iNsin0—4€4%(l—cosﬁ)2 (6.1.9)
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Here, ¢ =+/—1, and @ is the Fourier angle. If the residual function for any stage ¢ is given by
RY = (Lo + Lyp) w® (6.1.10)

then the amplification factor for an m-stage scheme is

g(z) =1+ f(9)z(6) (6.1.11)

where X
F0) = k14 ko2 4+ -+ K™ (6.1.12)
Here, k1 = ay, with ay, = 1 for consistency, and k) = k;_ja,, ;4 with [ =2,3,...,m. Since
g(z) is analytic, the maximum modulus theorem guarantees that all contours |g(z)| < 1 lie inside
the absolute stability curve |¢(z)| = 1. For this subclass of schemes, which are schemes satisfying

the requirement that |z| < (m — 1) (refs. 3 and 41), the optimal polynomials are defined as

9(2) = Po(z) = i+~ l1, 4 (k__iZJ Nl [Tk (k__ii) —Th_s (}:Zl)] (6.1.13)

where 1}, is a Chebyshev polynomial, and & > 2. The coefficients x; for the four-stage and
five-stage schemes given in reference 39 are

Kll = 1
1
ff? = 5
1
K3 = E
1
R4 = ﬂ
and
k1 =1
1
K9 = 5
3
ﬁ?g = E
1
R4 = 3—2
1
"5 198
respectively.

In the more general situation, the amplification factor is not a polynomial in z. For example,
consider the subclass of schemes defined by equation (6.1.5) that are called (m, n) schemes. The
m refers to the number of stages, and n designates the number of evaluations of the dissipative
contribution. For example, assume a (m,2) scheme, where the numerical dissipation terms are
evaluated on the first and second stages and frozen for the remaining stages (similar to the (4,2)
scheme used). Let z, = R(z) and z; = i3(z). Then, if m > 3, the f of equation (6.1.12) is
replaced by
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J = r1— (ko1z, + KZQZZ')Z? + (rkoayz, + 5322')22-1 —

+ (1) (km—20v1 2 + Hm_lzi)zl-m_g — (1) "kpzz2 (6.1.14)

i

Consider the (5,3) scheme generally used, where the dissipation terms are evaluated on the
first, third, and fifth stages, and frozen on the second and fourth stages. For this scheme, the
weighting factors for the dissipation terms (v, in eq. (6.1.5)) are as follows:

Yoo = 1
Tp =1
=0
70 = Ty
Y91 = 0
Vo9 = 73
T30 = Iy
Vg1 =0 (6.1.15)
V32 = 73
733 =0
Y0 = L3l
Y41 = 0
Tar = V315
Y43 =0
Vaq = 75

where Ty = (1— 73), Iy=(1- 75), 7, = 0.56, and 3, = 0.44. The symbol of the time-stepping

operator f for this scheme is given by

f=o5 {1 —agz1(1 — a3z;) — agz3z(agzyz; — 73,2,«) — F573232,~ (6.1.16)

where
21 =2z + 75z7a

Z9 = z; + 73zr
23 = ag(l — a1 2;)
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In a number of flow computations, four-stage and five-stage schemes are applied (refs. 19, 24,
43, and 44). For these schemes, the residual function is

q
R = % (ﬁoW(Q) +cpw0 4 Z’qu [:ADW(T)) (6.1.17)
r=0

By evaluating the physical diffusion terms on the first stage only, the computational effort of
the scheme is reduced. This incompatibility with the computation of the numerical dissipation
terms does not cause any deterioration in the performance of the schemes. The evaluation of the
numerical dissipation terms on certain stages (and the weighting of these evaluations) provides
two advantages. First, the parabolic stability limit can be extended, and the high-frequency
damping can be improved. Second, the expense of calculating the dissipation terms can he
reduced. Reference 3 provides additional discussion on the weighting of dissipation.

The time-stepping parameters for the four-stage scheme are

1
o = —
1=y
1
a9 = —
3 (6.1.18)
1
an = —
373
ag =1

Since a,, 1 = 1/2, the scheme is second-order accurate in time. The numerical dissipation terms
are evaluated the same as for equation (6.1.14). For the model problem of equation (6.1.6), the
absolute stability curve for this scheme is presented in figure 6(a). The hyperbolic stability
limit (as determined by the extent of the stability interval on the imaginary axis) is 2v/2. The
parabolic stability limit (as determined by the extent of the stability interval on the negative
real axis) is 4. The dashed line (fig. 6(a)) represents the locus of the Fourier symbol as defined
in equation (6.1.9), and must lie inside the |g| = 1 curve for stability. Figure 6(b) shows the
variation of the amplification factor ¢ with the Fourier angle . The scheme exhibits good
high-frequency damping, which 1s crucial for a rapidly convergent multigrid method. When
analyzing the stability and damping properties, it is important to include all components of the
scheme. For example, if the stability hmit of the algorithm is extended through the introduction
of an implicit residual smoothing procedure (discussed in section 7.2), some deterioration in the

high-frequency damping occurs (figs. 6(c) and 6(d)).

In the case of the five-stage scheme, the basic parameters are

1

o] = Z
1

a9 = 6

%_% (6.1.19)
1

ay = 5

as =1
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(c¢) Stability curves with implicit residual smoothing;
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Figure 6. Plots of four-stage R-K scheme; k2 = 0; kW = 1/32; coefficients are 1/4, 1/3, 1/2, and 1.



A very large parabolic stability limit is established by evaluating the artificial dissipation terms
on the first, third, and fifth stages with the weightings of equations (6.1.15). Figure 7(a) shows
that for this scheme, the hyperbolic stability limit 1s 4 and the parabolic stability limit is about 9.
Figure 7(b) shows that this five-stage scheme also has good high-frequency damping. Figures 7(c)
and 7(d) show the stability curves for this scheme when implicit residual smoothing is applied.
In practice, with the implicit residual smoothing, a CFL number of 7.5 is used for this scheme.
For the four-stage scheme, a CFL number of 5.0 is used. So, with one additional evaluation of
the implicitly smoothed residual function, the CFL number increases by a factor of 1.5.
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(c) Stability curves with implicit residual smoothing;
CFL = 6.0; # =0.6.
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Figure 7. Plots of five-stage R-K scheme; #(2) = 0; s(4) = 1/32; coefficients are 1/4, 1/6, 3/8, 1/2, and 1.



6.2. Stability of Runge-Kutta Schemes for Systems

The compressible Navier-Stokes equations can be classified as either hyperbolic-parabolic or
incomplete-parabolic type (refs. 45-47). As discussed in section 6.1, these equations are solved
numerically with a member of a class of multistage time-stepping schemes. By considering the
hyperbolic (inviscid) and parabolic (viscous and numerical dissipation) operators separately,
sufficient conditions for stability can be obtained. These conditions can be used as a starting
point for estimating a time step for solving the full Navier-Stokes equations.

To estimate the restriction on the time step due to convection and diffusion, we consider
the two-dimensional, Navier-Stokes equations expressed in generalized coordinates (&,7). These
equations can be written as

oW aF©)  aF( 315:/(05) af‘gn)
ot T e T T e T oy

(6.2.1)

where W = JIW_ with J=1 and W representing the inverse of the transformation Jacobian
and the vector of conserved flow variables, respectively. The derivatives associated with
the transformation from Cartesian coordinates (z,y) to (£,7) and the corresponding inverse

transformation are related as
|:£17 7]x:| — 1 [ Yy _95:|
Sy y J~H [ —xy  wg

and the inverse of the transformation Jacobian is given by

1 _ 0@, y)
T7 = Gy = e e =9

The transformed inviscid flux vectors F(€) and F() are given by

F = 71,7 — ¢, ;1) (6.2.2)

F = 15, FO — nyF(ﬁ)) (6.2.3)

Using the notation of reference 48, the viscous flux vectors }_«N“(f) and f‘g”) can be expressed as

(&) _ ~(&,£)£“ N(«E)n)i“
F,,' =B 7 + B o (6.2.4)
w(n — ~(77ﬂ7)£ ~(71£)£
B = B + B (6.2.5)

where

Bled) = gy o, f € {€,n} (6.2.6)
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and B( ) is a viscous matrix obtained by rewriting the f‘v vectors in terms of primitive
Varlables The matrix M, which transforms nonconservative (primitive) variables to conservative
variables, and the inverse of matrix M are given by

1 0 0 0
—up 1 -1 0 0
m=|"" g (6.2.7)
[—v,o_l 0 pt 0 J
¢?  —(v—=Du —(y=1p (-1
and
1 0 0 0
u p 0 0
M= (6.2.8)
v 0 p 0
(v -1 pu pv (y—1)7!

respectively, with ¢2 = (y —
are defined according to

1)(u2+v2)/2. The viscous matrices

B&O pam BEn) and B0:E)

0 0 0 0

5(a,8) [ 0 B 5?5 0 w
B = 6.2.9

_Baaﬁpp72 Ba Bu_i_[));xﬁv B ;/30_1_6?5” Ba’ﬁpfl

with
a,f VM ( da 08 dadp >
By = (Agoap thopge HaVa V6 b (6.2.10)
pos = M (—7 ) L Va-vp (6.2.11)
Re \y—-1/ Pr

where the nondimensionalization of section 3.1 is employed, V is the gradient operator, and

64 p 18 the Kronecker delta. Using the Jacoblan matrices

equation (6.2.1) can be rewritten as

Al®) = gF (@) /oW | where a € {a, 3},

oW aiz"v oW 8 OW ., OW
MM TS RAANITY [U) bl BEH_ (&n)
o PG A, ag( 5 TP an)
9 (50890 3 IW
+ 35 (B TR 7 (6.2.12)
where
[ 0 Qg ay 0 1
. —ull (M) 4 a,p? U@ — (7 = 2)ayu agu — (v — Dagv (v —1)a,
Ale) = (6.2.13)
— U@ 4 aquQ azv — (v — Dayu Ul - (v = 2ayv (v — Day
L U@ —w)  age = (v = Dl oy — (v = 1™ U@ ]
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with U7(®) = azu+ ayv, and w =y — qb2. Assume the coefficient matrices of equation (6.2.12)
are locally constant in space and time, and transform to primitive variables. Then, obtain

Wp  1©Wp  2mWe _5c)PWp  5unPWp

ar T € o~ B 262 o
2
= (En | mmo)y O Wp
+(B +B )_65877 (6.2.14)
where
Wp=[p u v p]’ (6.2.15)

0o vl o pla,
, (6.2.16)
0 0 e
0 ypar ypoy (@)
[ 0 0 0 0
0 Bel el 0
= (a,08) _ (@,0) _ 1 T,@ z,y
B = MB, =p 0 gl gt 0 (6.2.17)
y,éL‘ yay
L(v DBt 0 0 (v-— 1)Ba,,8J
The eigenvalues of the matrices Z(w) are
() )
7 (e)

§.2.18
U(a)—l-cw/oz%—I-o% ( )

The eigenvalues of the matrices B “) are

0 3
751
Pr (6.2.19)
pl'y
Cpu+ )

where

VML
Fl— R—e_(aw'i' ay)
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For the matrices B ( +8) , the eigenvalues are
0

VIM [y g
P _QPTP(Vchb’)
VM (A +3p)
Re

VIM [+ 3p)
Re

(6.2.20)

va-v5)+ 2w, ||w|]

va-v5) - S v, ||w|]

Abarbanel and Gottlieb (ref. 49) showed that the matrices of equation (6.2.14) can be simulta-
neously symmetrized with the similarity transformation determined by

[ﬂpc Lo o 0 ]
| 0 10 0 |
S = . - 0 (6.2.21)
~ — 1
[ 71,7,06 0 0 7’,7—ch
7{7,)—1(;—1 0 0 0 ]
0 10 0
s7l= (6.2.22)
0 0 1 0
{_ v(vl—l)pc 00 %p_lc_lJ

Using this similarity transformation, rewrite equation (6.2.14) as

where

(6.2.24)
B(a,ﬁ) — S_1§ (auﬁ)s

with o, # € {¢,n}.

Define as a discrete computational domain {(¢,7): 1 < ¢ <L, 1 <75 <L, and A{ = Anp= 1},
where L = N, the number of mesh intervals in either coordinate direction. Let a discrete,
vector function, such as V(i A¢, j Ay) = V(i,j), be denoted by V; ;. If the spatial derivatives
of equation (6.2.23) are approximated with second-order central differences, the semidiscrete
representation

d
Evi,j +LV;;=0 (6.2.25)
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18 obtained, where

LV = (A9 jugde Vi + (AD); )V 5 — (BE), ;68 V5

(BEM), -+ (B, | e epi5,V —(B(”’”))’j(SgV” (6.2.26)

Then, taking the Fourier transform of equation (6.2.25) yields

d_. o .
AtEVi’j = —AtLV; =2V

where the caret indicates a transformed quantity, and
Z=Zc+7Zp (6.2.27)

with
Zo=—i At (A@ sin O¢ + A gin 077>

i)
Zp=—At [43(5”5)sin2 2—'5 + (B(f’") + B(7/’£))sin 05 sin 0, + 4 B() g ? 0—77

and 7 = v/—1.

If all terms m the flow equations and the numerical dissipation are evaluated at each step
of the R-K scheme, then the amplification matrix G for an m-stage scheme is a function of one
variable. In particular

G(Z)=T+r1Z+roZ24 4 k2™ (6.2.28)

where 1 1s a function of the coefficients of the R-K scheme. (See eq. (6.1.12) for definition.) Let
A¢(G) be any eigenvalue of G(Z), and let A,(£) be any eigenvalue of £. Also, let z = —AtA,(£).
The eigenvalue A (G) is related to z as

A(G) = 14 k124 K922+ o 4 £y 2™ (6.2.29)

The stability of a scheme requires that the amplification matrix satisfies the condition
|| G" || < C for all n. The spectral radius ¢ of a matrix is defined as equal to the largest
eigenvalue in absolute value. If the matrix G is normal (ie., GG* = G*@), then its norm is
equivalent to the spectral radius o((). Thus, a normal matnx requu‘es that o(G") = ¢"(G) < C.
This condition is equivalent to the Von Neumann condition for stability that requires

a(G) <1 (6.2.30)

Hence, if Z and G are normal matrices, the condition for stability is

9()] =l (~Atr(D)) | < 1 (6.231)

for all q.

To determine sufficient conditions for stability, consider separately the hyperbolic and
parabolic operators associated with equation (6.2.1). First examine the stability for the Euler
equations (ie., Re — oo in eq. (6.2.1)). The following theorem gives a sufficient condition for
stability:
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Theorem 6.1 Suppose the R-K scheme satisfies the property that
[~iNcrpr.i Nopr) C{z € C:|g(z)] < 1} (6.2.32)

where Nopp s the CFL number for the R-K scheme. Assume smooth initial data, such that
the Cauchy problem for the Buler equations is well-posed. If the Fuler equations are solved with
this R-K scheme and second-order centered difference approzimations for the spatial derwatives,
the condilion

At [O'(OZA(g) + ﬁA(’I))] S NCFL (6233)

where |af < 1, and |3| < 1 is sufficient for stabeility of the linearized problem.

The proof follows directly. Since the matrices A and AM are symmetric, the amplification
matrix G(Z) is normal. Furthermore, for a central difference scheme, the Fourier transform of

the first derivative is a pure imaginary number. Hence, 7 = —t Al (A(‘E)sin O¢ + AUD gin 9,7>,
and so the result follows (remember that A& = An =1).

Now consider the parabolic equation derived from equation (6.2.23) by eliminating the
first-order spatial derivatives. The Fourier symbol of the difference operator is given by
equation (6.2.27) when Al =0, Tet Np denote the diffusion number of the R-K scheme (i.e.,
Np defines the stability interval along the negative real axis). Then, the maximum allowable
time step is Np Aitp, where Alp = A:U2/(4u) for the 1-D scalar diffusion equation with central
differencing, with p being the diffusion coefficient. A sufficient condition for stability is defined
as follows:

Theorem 6.2 Suppose the R-K scheme satisfies the property that
[-Np,0lC{z€C :|g(»)| <1} (6.2.34)
where Np s the diffusion number for the R-K scheme. Assume smooth niteal data, such that

the Cauchy problem for the viscous equations is well-posed. If the viscous equations are solved
with this R-K scheme and second-order centered spatial differencing, the condition

max (Atop) < Np (6.2.35)

with
g g
op =40 [3(5,5) sinQQi + B(mn)singg + i(B(’S’") + B(”’g)) sin ¢ sin 977]

1s sufficient for stability of the linearized equation.

Since
o 0
7= —At [4 (B(g’S)siHQQ—g + B("’”)sinz%) + (B 4 By sin 6 sin 077] (6.2.36)

is a negative real symmetric matrix, (7 ) is again normal. Therefore, the proof is similar to
the proof of theorem 6.1. Note that if the cross-derivative terms are neglected, the inequality of
equation (6.2.35) reduces to

At [40(3(5"5)4-3(””’)” < Np (6.2.37)
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Next, suppose numerical dissipation in the form of fourth-difference terms is added to the
discrete viscous equations. Then

LV = _(3(5’5))i,j5gvi,j _ (B("’"))ué%Vi,j

_ (B(é;n))i’j_l_(B(mE))i’j e 8¢ty Vi

+eWer( A6V j+Wa (A8 V; (6.2.38)

and the Fourier symbol of equation (6.2.27) is replaced by 7 = Zp+ Z4p, where Zp is defined
the same as in equation (6.2.27), and

~ ) ~ 40,
Zap =—16 At 6(4)0' (A(g) sin® 2£ + A gt 7”) I

with 7 being the identity matrix.

Lemma 6.3 If only the viscous terms and the fourth-difference dissipaiion terms are considered,

then the condition
max [At (cp+o4p)] < Np (6.2.39)

with o the same as given in equation (6.2.35) and
@ () a4l
oap=16cWe| A gin 7+A”sm 5

s sufficient for the linearized stability of the multistage scheme.

The proof is the same as the proof for theorem 6.2. If cross-derivative terms are neglected, the
inequality of equation (6.2.39) becomes

At 40 (BEO £ B0 11606 (A + 200 | < (6.2.40)

6.3. Time Step Estimate

Now consider the situation where the R-K scheme simultaneously satisfies the properties of

equations (6.2.32) and (6.2.34). Also consider the 1-D case in the ¢ direction. The R-K scheme
then depends on the matrix 7, where 7 = —A# (iA(‘f) sin 6 + 4B(&:8) gin? 05/2) Since A©)

and B&8) do not commute, the matrix 7, and thus the amplification matrix ¢, are no longer
normal matrices. Hence, the Von Neumann condition on the largest eigenvalue of matrix G is
now a necessary, but not a sufficient, condition for stability. Thus, there is no simple way to go
from properties of matrix 7 to properties of matrix G. The spectral mapping theorem relates
the eigenvalues of matrix Z to the eigenvalues of matrix (. Since the eigenvalues do not tell
the entire stability story, energy estimates based on norms must be used. However, no simple
relationship exists between the norm of matrix 7 and the norm of matrix .

In practice, a simplified stability condition is used to estimate the time step. There is no
strict mathematical proof of stability with this condition; nevertheless, it seems to work well.
Consider

N,
At(“ — CFL
ac
N
AtD - L
9D
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where

oc = o( A& 4 o(AM)
op= a(j_t}(&f)) + U(E(Wﬂ?)) + O—(E(«SW))
Let
1 1 1
AT Mg Bip
so that
At = Nery (6.3.1)

oc+ (Nepr/Np)op

Schemes in which Nopp ~ Np have been considered. The time step for each cell in the
computational domain 1s then computed as

A= Nerr £ (6.3.2)
Ac+Ap
where €2 is the cell area and
Ao = Ag + A”
Ap =(Ap)e +(Ap)y+ (Apey
with A¢ and A, defined by equation (4.2.5), and
VIM qp 12 9
TM yp -
(ply = Y T gi(:2 4 2 (6.33)

For the thin-layer, Navier-Stokes equations, take Ap = (Ap)y, where 5 is the direction normal
to the boundary layer.

Remark 6.4 So far, only ceniral differencing s considered for the spatial approzimations in
estimating a tvme step for an explicit R-K scheme. Since ¢ numerical-fluz funciion for an
upwind scheme can generally be expressed as the sum of a centered (physical) contribution and
a numerical dissipation contribution, then equation (6.3.1) s also a reasonable estimate for the
time step when an upwind scheme 1s used.

7. Convergence Acceleration Techniques
7.1. Local Time Stepping

The first technique employed to accelerate convergence of the basic explicit time-stepping
scheme to a steady-state solution is local time stepping, where each cell is updated using an
mdividual time step. For simplicity, the one-dimensional Euler equations are used to understand
the meaning of local time stepping from the discrete point of view. Suppose the Euler equations
are written in the form

ow 0w

ot dr

If the equations are discretized in an explicit sense, then
AW = AW"
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where the tilde indicates that the vector or matrix is for the complete discrete system. The
block matrix A is a function of Atmm/Ar with At ;, being the minimum time step permltted
in the domain, and each element of A being a 3 by 3 matrix. Let the explicit matrix A for the
system of difference equations be preconditioned by the diagonal matrix A, given by

A = Dlag [ EQI E3I e E]\T_QI EN—II]
where A
_— it
At; = ! 1i=2 N -1
Atmin

Here, At; is the largest local time step allowed by stability, and 7 is a 3 by 3 identity matrix.
This process results in a significant speedup in the transport of information, and an increase by
roughly a factor of two in the convergence rate of explicit schemes.

7.2. Residual Smoothing

The local stability range of the basic time-stepping scheme can be extended by applying
a procedure called implicit residual smoothing. This technique was first introduced by Lerat
(ref. 50) for the Lax-Wendroff scheme, and later devised by Jameson (ref. 51) for R-K schemes.
The constant-coefficient approach of Jameson is discussed in section 7.2.1. Some basic properties
of residual smoothing are also presented. Then, variable coefficients for implicit smoothing are
discussed. The coefficients introduced in this paper, and those of Martinelli (ref. 27), are derived
and compared. In section 7.2.3, coeflicients are developed for implicit residual smoothing that
allow a time-step estimate independent of a physical diffusion limit.

7.2.1. Constant coefficients. The constant-coefficient, implicit residual averaging of
Jameson (ref. 51) can be applied in two dimensions using the factored form

(1= B Ve A1 = 8, Vo AR = Ry

iy (7.2.1)

where the quantity VA is a standard second-difference operator, and thus

VeaR ='W —om M+ ' .

The quantity 5 is a smoothing coefficient, and (&,7) are the coordinates of a uniformly spaced,

computational domain. The residual of the unsmoothed scheme RET) is defined by

)

- At;
RV = am =L e WY 4 LW 4 ADOY] (= 1,5) (7.2.2)
N

and computed in the Runge-Kutta stage m, AD(™) s the total artificial dissipation at stage

m, and R( m) is the final residual at stage m after the sequence of smoothings in the £ and 5

directions. A tridiagonal system of equations is solved for each coordinate direction to obtain

the unknown residuals Rl(j "), To determine B¢ and (), Jameson (ref. 51) considers the model

problem of equation (6.1.6) without numerical dissipation (i.e., the convection equation). Then,
the semidiscrete equation (6.1.7) becomes

dw
At T —AtLw;

46



with
N n
Atﬁwj = ?(wj+1 - w]’fl)

and the Fourier symbol of the difference operator —A?L is given by
z=—AtL = —iNsinf (7.2.3)

Let Aw; define the correction, or residual, obtained from the implicit smoothing procedure, so
that

(1 —pBVA) Awj = Aw; (7.2.4)
and the Fourier symbol of equation (7.2.3) is replaced by
N sinf
p= i (7.2.5)
1 4+48sin 5
A sufficient condition for stability is as follows:
max |z| < N* (7.2.6)

for all #, and N* is the Courant number of the unsmoothed scheme. Solving for sin § and cos#
corresponding to the maximum of |z| yields

V1443

nf = 127

(7.2.7)

Using equations (7.2.7) and the sufficient condition of equation (7.2.6), the smoothing coefficient
1s determined by

B> (Nﬂ)Q - 1] (7.2.82)
. g2z i (5*)2 - 1] (7.2.8b)

where At* is the time step of the unsmoothed scheme. In subsequent discussion, this 3 will be
referred to as the 1-D smoothing coefficient and will be designated by #1_p.

Instead, consider the diffusion equation

dw 9w

s
If the spatial derivative is again approximated with a central difference, and a Fourier transform
is taken of the resulting semidiscrete equation, the Fourier symbol of the product of At and the
difference operator are given by

0
7= —NDsin2 7

where the diffusion number Np = 4 Atu/Ax?. If the residual smoothing operator of equa-
tion (7.2.4) is applied, then
_ — Npsin? /2
ST 1+ 48psin)2

(7.2.9)
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A sufficient stability condition for an R-K scheme is
max |z| < N7,

for all #, where N7, is the diffusion number of the unsmoothed scheme. With the same procedure
employed for the convection equation, the smoothing coefficient is determined as

1 (Np 1 (Atp
s (32o1) -3 (32 ) a0

Thus, for the scalar diffusion equation, the smoothing coefficient fp is proportional to
y,At/(Ax)z As will be shown in section 7.2.3, this type of  can be combined with the type of
B given by equations (7.2.8) to yield a formulation suitable for a convection-diffusion equation.

Some properties of implicit residual smoothing are now examined. If residual smoothing is
applied on each stage of an R-K scheme, the stability function given in equation (6.1.11) still
applies, with the z of the original (basic) scheme modified as in equation (7.2.5) or (7.2.9). This
stability behavior leads to the following theorem:

Theorem 7.1 Let £ be the Fourier symbol of any discrete spatial operator for the convection-
diffusion equation. Let equation (6.1.11} be the stability polynomial for an explicit m-stage R-K
scheme. Apply implicit residual smoothing, as tn equation (7.2.4), after every stage of the R-K
scheme.

If the original scheme s uncondionally unstable, then the smoothed scheme s also uncon-
ditionally unstable. If the ortginal scheme 1s conditionally stable, then the smoothed scheme can
be made unconditionally stable by choosing 3 At sufficiently large.

Proof. Let z and z; be the symbols of the original and smoothed schemes, respectively. Then,

z

= 7.2.11
1 +43sin26/2 ( )

Zs

Define r as the position vector corresponding to z. Thus, r emanates from the origin of the
complex domain and has magnitude |z|. Let rg be the position vector associated with z,. If
the original R-K scheme is stable, then r does not terminate outside the stability region .S,
determined by the Von Neumann condition |¢(z)| < 1, where ¢(z) is the stability polynomial.
If the original scheme is unstable, then there is no At > 0 small enough to allow r to be in
S. Since the denominator of equation (7.2.11) merely acts as a scaling factor of r, the residual
smoothing cannot stabilize the unstable original scheme.

Suppose § is proportional to At, as in equations (7.2.8) or (7.2.10). Then, rs; does not
terminate outside the boundary of S for any value of At, since 5 can always be made sufficiently
large. Moreover, the scheme is unconditionally stable.

Remark 7.2 Fven though the explicit R-K scheme can be made unconditionally stable with the
tmplicit residual smoothing, there is a practical limit on the time step when solving the hyperbolic
problem and taking f < At2, as in equations (7.2.8). That is, if At is too large, convergence
slows down.

Lemma 7.3 Apply an explicit m-stage B-K scheme with implicit residual smoothing to the scalar
equation

RS C ) W D (7.2.12)



where £ s a constant coefficient.  Assume that the residual smoothing coefficient 5 s
proportional to N2, Then, the symbol of the smoothed scheme vanishes as At — oo and the
stabddy polynomial g(z) — 1.

Proof. The symbol for the difference operator of equation (7.2.12) when implicit residual
smoothing 1s applied is given by

—16eM N sin? 6/2
1 +43sin26/2

Zg =

Using 3 ~ N2 and taking At to be large, then

4 0
Zg —ﬁ€(4) sin? 7

Therefore, zs — 0 as At — co. From equation (6.1.11), it follows immediately that g(z) — 1 as
zg — 0.

Remark As evident from Lemma 7.5, the limit on the extension of stabudity with the implicit
smoothing and equations (7.2.8) is caused by the requirement to have a certain background
dissipation (i.e., high-frequency damping). If 3 ~ N, as in the parabolic problem, then the
symbol z5 does not vanish.

The use of constant coefficients in the implicit treatment (egs. (7.2.8)) proves satisfactory
(extending the Courant number by a factor of two to three) even for highly stretched meshes
of viscous-flow computations (ref. 16), provided additional support such as enthalpy damping
(ref. 1) is introduced. However, the use of enthalpy damping, which assumes constant total
enthalpy throughout the flow field, precludes the solution of problems with heat-transfer effects.
By using variable coefficients 8¢ and /), which account for the variation in mesh-cell-aspect
ratio, residual smoothing can be applied without the support of enthalpy damping.

7.2.2. Variable coefficients. The alternating direction implicit (ADI) scheme and the im-
plicit scheme of Lerat (ref. 52) exhibit a functional dependence of variable smoothing coefficients
on the characteristic speeds A¢ and Ay, as defined in section 4.2 of thisreport. Appendix B shows
this functional dependence. Then, with a 2-D stability analysis similar to the 1-D analysis of
the previous section, variable smoothing coefficients can be obtained as

B 1l/v 1 2 X )
Pe=max g (WH%,) —e
Al

2
N 1
fy = max§ 7 L(N* 1+r;1> J 0
1€ J

where again e = /\,7/Aéi. The limiting cases are f¢ — fi_p, By — 0 as rpe — 0 and
Be — 0,8y — B1_p, as rye — oo

(7.2.13)

A problem exists with the smoothing coefficients of equations (7.2.13). In the typical case
of N/N* = 2, the smoothing coefficients vanish when rp¢ = 1, making the scheme unstable.
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Martinelli (ref. 27) eliminates this difficulty by modifying the residual smoothing coefficients of
equations (7.2.13) as follows:

s\ ? (7.2.14)
_ LA 2T
f; = max 1 (N* 1—|—r_£1> 11,0
where
o(r) =147 (7.2.15)

and the exponent ( is taken to be 2/3. The function ¢ is the same function used for scaling the
artificial dissipation coefficients. The introduction of this function seems appropriate because
of the direct relationship between residual smoothing and artificial dissipation. For example, a
desired high-frequency, damping behavior of the scheme can be maintained when the dissipation
is increased by increasing the residual smoothing.

The variable smoothing coefficients ¢ and (3, of equations (7.2.14) cannot be uniquely
determined from a sufficient condition for stability, as the constant coefficient 8 was in
equations (7.2.8). Wigton and Swanson (ref. 53) use an additional constraint to derive the
parameters of equations (7.2.14). For completeness the short derivation of reference 53 is
presented.

Consider the following sufficient condition for stability:
N 1 1 N 1 1

— +— <1
N* L4rpe JT+45  N* 1+r77—51 VI+A3, ~

as derived in appendix B. Let the Courant numbers for the two coordinate directions & and 5
be given by

(7.2.16)

N, — At et N )\& _ N

3 Atg /\5 + Ay L+ 7o (7217
N, — Atyct - N )\7/ — N o

! Atn /\5 + /\7; 1+ 7“7;51

where At is the 2-D allowable time step for convection, and At and At are the corresponding
1-D time steps. If the Courant number N in equation (7.2.16) is replaced according to
equations (7.2.17), the result is

N
N* JT+48;  N* ST+ 45,

As suggested by lemma 7.3, 3¢ and () should be as small as possible and still mantain stability.

With this objective in mind, ¢ + 8y 1s minimized subject to equality in equation (7.2.18). Apply
the method of Lagrange multipliers and consider the function

N 1 N 1
F(Bg, Pn) = Bg + By + w (N_g* T a7 g \/1—1-_4/3//)
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After equating the partial derivatives of F(ﬁé,ﬁn), with respect to B¢ and 0y, to zero, obtain

1 _ N 1
(L+48)%% 7 (1448,

Ne (7.2.19)

Now, solving for /1 + 43, and substituting the resulting expression into equation (7.2.16) yields

N 1 1 1+ e (Nn>_1/3
— 1+ —2 (22 <1 7.2.20
N*1+rn5,/1+465[ 1—|—r7;£1 Ne = ( )

With the equality of equation (7.2.20) holding, and using equations (7.2.17), obtain the
smoothing coefficients of equations (7.2.14). As shown in reference 53, the function ¢ arises
without any consideration of numerical dissipation terms. The role of the ¢ function s to
connect the values of 7 corresponding to low-aspect-ratio and high-aspect-ratio cells.

The variation of B¢ from equations (7.2.14) with r,¢ is shown as a solid line in figure 8(a).
For this curve, the ratio of Courant numbers N /N* is assumed to be 2. Observe that Be — P1-D
for ry¢ — 0, and B¢ — 0 for r,¢ — oo. In the case of r, =1, 8¢ = 3, = 81_p (a value of 0.75
when N/N* = 2). Based upon numerical calculations for inviscid flows using typical inviscid
meshes, smoothing coefficients 3¢ and 3, that are constant with a value of about 0.4 result in
rapid convergence. Values for g¢ > 0.75 and/or ¢, > 0.75 can cause a significant slowdown
in convergence. To provide improved smoothing coefficients, when r,¢ ~ 1 the formulas of
equations (7.2.14) can be replaced with

Be = max{

Sy = max

| =

N 1 2 )
(=) 1] o]

(i)

(7.2.21)

o

where ¢ is a parameter to be specified. Here, the connection function ¢ isremoved by introducing
. Figure 8(a) shows the curve representing 3¢ when N/N* =2 and ¢ = 0.25. For the case of
7“”5 = 1, /85 1s 0.39.
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Figure 8. Implicit residual smoothing coefficient for two forms of variable coefficients.
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To investigate stability using the smoothing coefficients of equations (7.2.21), consider the
sufficient stability condition

N 1 sin fg N 1 sin ¢,
1 + N -] < (7222)
+ Tne XeXn 1+ . XXy
for all 6¢ and 9,). In equation (7.2.22)
X¢e = 1+ 2,65 (1 - COS@g)
(7.2.23)

Xnp =1+ 26’,7(1 — cosﬁn)

and 1 = A,,/)\f. This condition comes from the 2-D stability analysis given in appendix B.
(See eq. (B18).) If rpe < 1, the condition of equation (7.2.22) reduces to approximately

N sln 6?5
e < 2.
N The S 1 (7.2.24)

for all f¢. Using equations (7.2.7), obtain

N 1

— — <1
N* JT+A3 —

(7.2.25)

Substituting for 3¢ according to equations (7.2.21), the inequality equation (7.2.25) is satisfied.
Now, if ¢ >> 1, the condition of equation (7.2.22) reduces to approximately

N sinby (7.2.26)
N* X77

for all #,,. From equations (7.2.7) and the definition of 3, in equations (7.2.21), the inequality of
equation (7.2.26) is satisfied. Consider the case of rpe = 1. Assume 6 = 0 and S¢ = ). Then
equation (7.2.22) becomes ‘

F<1 (7.2.27)
for all f¢, where
- N sinfl¢
= e
It can be shown that
5 1
PR (14 88) 7
max S oo
NTL(1+48¢) (1—1-1055)4 V1 + 15
Then N .
Fmax < 0.9 — ———= (7.2.28)

N* /T+45;

By substituting for 3¢ and taking i) a2 0.11, the condition of equation (7.2.27) 1s satisfied. From
numerical experiments, this estimate for @ seems to be conservative. A value for ¢ of 0.125
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worked well for both central and upwind schemes. Moreover, for central schemes ¥ = 0.25 also
works without causing stability problems.

Calculations were performed for a case of inviscid, transonic flow over an RAE 2822 airfoil to
evaluate the variable smoothing coeflicients of equations (7.2.14) and (7.2.21). A typical inviscid
mesh with 224 by 32 cells was used. Figure 8(b) shows the convergence histories corresponding
to the formulations of Martinelli (egs. (7.2.14)) and Swanson (eqgs. (7.2.21)). Convergence is
measured by the logarithm of the root-mean-square of the residual of the continuity equation.
For each computation, the basic explicit scheme of equation (6.1.4) and a multigrid method
(described in section 7.3) were employed. The average rate of reduction of the residual was
defined by Ry = (rate)NRi, where R is the residual for the continuity equation, the subscripts f
and ¢ mean final and initial values, respectively, and N denotes the number of multigrid cycles.
With the coefficients of equations (7.2.14), the average rate of residual reduction is 0.889, while
with the coefficients of equations (7.2.21), the average rate of residual reduction is 0.789. As
expected, the two formulations exhibit only small differences in convergence behavior in the case
of turbulent flow calculations, since the high-aspect-ratio cells of the mesh, usually defined to
resolve the boundary layer, determine the convergence rate.

7.2.3. Remowal of diffusion limit. The diffusion restriction on the time step (eq. (6.3.1))
can be a significant factor in viscous regions of a flow field, causing excessive restrictions
on the allowable time step At. In this section the diffusion-based, smoothing coefficient of
equation (7.2.10) is utilized to construct a new smoothing parameter that allows the removal of
this diffusion restriction.

Considering the thin-layer form of the 2-D Navier-Stokes equations allows use of the
smoothing coefficient of equations (7.2.21) in the streamwise-like (£) direction. A possible
formulation for the normal 5 direction depends on a diffusion-type G near the surface, and
a convection-type F when the viscous effects are no longer important. Consider the dependency
in equation (7.2.10) on the ratio of the actual A¢ to the At of the basic explicit scheme. To
remove the diffusion limit on the time step, the actual time step must be independent of diffusion
effects. Thus, set Np =0 in equation (6.3.2), giving

NQ

At = At = /\5_1_—)\”

(7.2.29)

where €2 is the area of the mesh cell being considered. In the part of the boundary layer where
diffusion effects dominate, define the time step of the unsmoothed scheme (A¢*) by

Np Q
At* = (Atp)y = 7.2.30
( )77 (AD)n ( )
where
CVIM oy g9
(/\D)77 Re pPTQ (If + 5)
Then define
1 Atyet :|
(BD)n = T [(AtD)n -1 (7.2.31)



If (Atp)y = Atact, fp = 0. This means that the full parabolic stability limit is being used for
the physical diffusion terms. Since the numerical dissipation of the scheme is not included in
the analysis, replace equation (7.2.31) with

1

Bo)y =7 [Gl(AAi—aDC)“n — 1] (7.2.32)

where (1 is a constant. Equation (7.2.32) accounts for any possible influence on the stability
caused by a single evaluation of the physical viscous terms in the multistage time-stepping
scheme. By using equations (7.2.29) and (7.2.30) to replace Atact and (At p),, respectively,
equation (7.2.32) can be rewritten as

1 N (Ap)
- _|C 20 7.2.33
(BD)U 4 [ IND )\5 Iy ] ( )
which can be approximated by
_ 1= (Ap)
(Bp)y = 4C1A€+A” (7.2.34)

Either equation (7.2.33) or equation (7.2.34) can be used, provided the constant is defined
properly. Both equations successfully remove the diffusion restriction on the time step. In this
paper, the simpler form of equation (7.2.34) is used, and has also been considered by Radespiel
and Kroll (ref. 54). Numerical experiments have shown that a satisfactory value for C7 is 5.

For the full Navier-Stokes equations (including all viscous terms), a coeflicient Fp for the
streamwise-like direction (¢) should also be defined. Using the form of (3p); in equation (7.2.34),
(BD)¢ is defined as

1— (AD)¢

(Bple = —C1 (7.2.35)
T e+ Ny
where M
_ VM TR 19 2
(AD)'E - Re pPTQ ($W+y77)

The variable coefficient of equation (7.2.34) generally cannot be used alone. For example, in
an airfoil flow, (#p)y goes to 0 too fast at the leading edge, resulting in a 0-value in the inviscid
region. This difficulty is overcome by calculating 3, as

67; = max[(BD)U, (6(7)7/]

where (5¢); is defined by equations (7.2.21). In a similar manner, (8p)¢ in equation (7.2.35) is
redefined.

According to the theory presented in reference 55, the residual smoothing 1s evaluated only
on the even steps of an R-K time scheme. In practice, the residual smoothing is evaluated during
every stage, which is more expensive but produces a more robust algorithm.

7.3. Multigrid Method

The concept of multigrid acceleration of an iterative scheme was first suggested by Fedorenko
(ref. 56). The fundamental ideas of this approach currently used in many applications are
principally due to reference 57. Although most of the theory developed for the multigrid method
is for elliptic problems, a number of effective multigrid solvers (refs. 3, 58, 59, and 60) have been
constructed for the Euler equations of gas dynamics, which are hyperbolic. Transonic and
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subsonic flows have been computed with these solvers. Some multigrid methods (refs. 19, 20,
22, and 23) have also been devised for the numerical solution of the compressible Navier-Stokes
equations. In section 7.3.1, the basic theory of the multigrid process is briefly reviewed. Then,
the operators used in the present method are defined. Section 7.3 concludes with a discussion
of the various elements of the multigrid technique of this work.

7.3.1. Basic concepls of multigrid methods. In the simplest sense, the multigrid method
involves applying a sequence of grids to solve a discrete problem. More specifically, a faster
rate of development of the solution on a fine grid is achieved by approximating the fine-grid
problem on successively coarser grids in the sequence. With suitable coarse-grid approximations
of the fine-grid problem, the low-frequency error components on the fine grid appear as high-
frequency error components on the coarser grids. The low-frequency components on the fine grid
where the discrete solution i1s desired are precisely the error components that dramatically slow
the convergence of single-grid schemes. Thus, with a good high-frequency damping scheme, an
effective multigrid process (i.e., much more rapid removal of low-frequency errors than a single-
grid scheme) can be constructed. As will become evident, the driving scheme for the multigrid
process is not only important for providing smoothing on each grid, but also for removing high-
frequency errors resulting from interpolation of corrections for the fine-grid approximation.

Two additional advantages are derived from displacing part of the effort in solving a set of
discrete equations to coarse grids. One advantage is that the larger mesh spacing permits larger
time steps, meaning that information is propagated rapidly in the domain of interest. Moreover,
for explicit time-stepping schemes such as the multistage schemes described previously in this
report, the increased time step is particularly important because the allowable time step depends
on the speed of sound. This acoustic dependence is even more critical for viscous flows. A
second benefit of the coarse grids is that they require less computational work. For example,
in two dimensions, the computational effort needed is decreased roughly by a factor of four on
successively coarser meshes. Thus, the objective of the multigrid process is to spend nmch more
time on the coarse grids than on the fine grid.

The basic ideas of the multigrid process are revealed by considering the continuum problem
LW (z,y) = S(x,v)
AW (z,y) = ®(x, v)
where the first equation i1s associated with the domain €2, and the second equation 1s associated
with its boundary 9€2. The symbols £ and A are general nonlinear, differential operators, and
both S and ® are source terms. Let Gg,G1, ...,Gn be a set of grids, where Gy is the finest
grid, and each successively coarser grid G (k < N — 1) is generated by eliminating every other

mesh line in each coordinate direction of the next-finer mesh. The discrete problem on (7 is as
follows:

LyWy(x,y) =Sy(z,y) (x,y €Gy) } (7.3.1)

AyWi(z,y) =2y (z,y €9Gy)

and Wy is the exact discrete solution. If wy(z,y) is an approximate discrete solution,
equations (7.3.1) can be written as

Lywy =SN+ Ry
(7.3.2)

Aywy =@+ (Rp)y
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where R and (Rp)y are residual functions. Subtracting equations (7.3.2) from equa-
tions (7.3.1) gives the residual equations for the Gy problem. That is,

LyWy = Lywy =—Ry
AyWy —Aywy =—(Rp)y

These equations can be adequately approximated on G _p if the residual functions and
corrections (Wy — wy ) are smooth. Smoothing is accomplished by performing an iteration
with an effective high-frequency damping scheme. The approximations of the residual equations
on the coarser grid Gy_q are

Ly aWnoy — LIV twy) == I TRy
7 ) (7.3.3)

Ay Wy =AY hwy) == I8 Y Rp) g
where Iﬁ_l is a restriction operator. Note that if By = 0, then Wy_1 = I%_lw]v, and once a
steady state i1s reached on the fine grid, all corrections on the coarse grid are 0. Furthermore, for a
linear problem, the two terms on the left-hand side of equations (7.3.3) can be combined and the
error equation L(error) = —I]‘Of_lRN is obtained. In general, the operator I;" is used to indicate
restriction when [ > m and prolongation when ! < m. Thus, a restriction operator transfers
information from a fine grid to a coarse grid, and a prolongation operator (ie., interpolating
polynomial) transfers information from a coarse grid to a fine grid. Equations (7.3.3) can be
rewritten as _

Lyqwn_1=5SN_1

AN 1wy 1 =(SB)Nn_1
where _
SN—1=Rn-1+ Fn-1
(Sl 1 =(Rp)y 1+ (Fp)y 4

and 4
Fy_o1 = I]]\\}_l(—RN) + EN_l(IJJ\\;_le)

N-1 N-1
(Fp)n—1 =1y (=Rp)y+ Ay Iy~ wy)

Thus, the discrete problem on (Gy_1 has the same form as that on Gy, except the forcing
functions of equations (7.3.4) are added to the residual functions. An improvement to the
approximate solution wp can be obtained by adding a coarse-grid correction. The fine-grid

(7.34)

solution is then given by
IN -
wy —wy+ Iy_j(wy_g — Iy~ wy)

where the correction (wy_1— IﬁY*le) 1s an approximation to the smoothed function Wy —wy.

In this work, the smoother chosen to solve equations (7.3.3) is a multistage R-K scheme of
the type discussed in section 6. Thus, a time derivative 1s added to the steady-state equations,
and the resulting equations are advanced in pseudotime with several iterations of the multistage
method. Usually, one complete R-K time step is performed on the finest mesh, and two or three
time steps are performed on coarser meshes.

Instead of immediately passing a correction from Gy_q{ to Gy, the solution wy_q and
residual Ry_1 can be restricted to the grid Gy_g. Iteration sweeps can then be performed to
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obtain a smooth approximation of the correction function Wy _9 —wp_o. If this correction is
passed to Gy _q, iterations are performed, and the correction of Gy _; 1s transferred to Gy, a
multigrid cycle of three grids is completed. This cycle is called a V cycle.

There are other fixed-cycle strategies (i.e., W cycle), and variable-cycle strategies that
depend on a prescribed residual level or a certain slowdown, in smoothing rate before changing
to a coarser grid problem (ref. 57). For each coarse grid G in a cycle, the full current
approximation wy, and the initial (basic) approximation w1 (the approximation on grid G4
that is transferred to grid G},) are stored. The approximation wy, is the sum of the GG, correction
and the basic approximation. Brandt (ref. 57) refers to a scheme that stores the full, current
approximation rather than only the correction as the full approximation storage (FAS) scheme.

7.3.2. Transfer operators. 'The intergrid transfer operators employed in the present
multigrid method were introduced by Jameson (ref. 3) and assume that the unknowns are stored
at the center of a mesh cell. The restriction operator for the residual is defined by

4
1
If By = o > Qg Reqa ) (7.3.5)
=1

where the residual function [, | is expressed in the usual way as

1
Rpp1 = gLk 1Wep1
k+1
with L, 1 and €, | denoting the spatial-discretization operator and the cell area, respectively,
on grid G'yyq. Thus, the modified residuals £ w1 of the four fine-grid cells corresponding
to a coarse-grid cell are summed. In this manner, the residual transfer operation is conservative.
To transfer the solution from G to G, the following volume-weighted operator is used:

S (g )
St Qg1

Again, the summations are over the four fine-grid cells, and the operator conserves mass,
momentum, and energy. The prolongation of corrections from Gy to Gy g Is accomplished
with bilinear interpolation.

k
Ly Wkt1 =

In elliptic multigrid methods, the residual-restriction operator is frequently defined as the
adjoint of the correction-prolongation operator, meaning that one operatoris the transpose of the
other. (See appendix C for discussion of the adjoint property.) Such a relationship is convenient
for analyzing multigrid schemes (ref. 61). In typical multigrid methods using a cell-vertex, finite-
volume formulation for spatial discretization (refs. 3 and 24), the restriction operator is defined
with full weighting (ref. 61), and bilinear interpolation is used for the prolongation operator.

For full weighting, the restriction operator I/f—l—l is defined by

k 2. 2
L1 (R )kr = g (R ) g
where p is a standard averaging operator, and thus

1
peRij = §(Ri+1/2,j + Ri—l/Q,j)
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and 1
2
ol j = 5 (Rigy j+ 20 5+ Ry )

These operators are adjoint on a uniformly spaced mesh. The operators used in this paper do
not have the adjoint property.

Suppose the bilinear-interpolation operatorisreplaced with a piecewise, constant-prolongation
operator. This new prolongation operator transfers the same correction to all fine-grid cells that
comprise a coarse-grid cell. Using the inner product definition of functions, this prolongation
operator can be shown to be the adjoint of the restriction operator of equation (7.3.5). (See ap-
pendix C.) However, this type of prolongation is not considered an appropriate choice. That is,
if the Navier-Stokes equations are solved, prolongation does not satisfy the requirement for the
intergrid transfer operators, which states that the sum of the order my, of the prolongation op-
erator, and the order m, of the restriction operator must exceed the order 2m of the differential
operator being considered (ref. 61). With the piecewise, constant prolongation, mp+m, = 2. In
the case of the bilinear interpolation, my, +m;, =3 > 2m = 2, and the requirement is satisfied.
Note that frequently a restriction operator is chosen that is not the adjoint of the prolongation
operator.

7.3.3. Elements of present method. Section 7.3.2 states that a forcing function is required
to properly define a coarse-grid problem for the multigrid method. After initialization of the
coarse-grid solution, the forcing term Fj, is constructed as

Py = I Rl — Re(If g wipn)

where Ry is the sum of the residual Ry and forcing function Py, and 0 < k < N. If
k=N —1, then Ry = Ry. In the case of the multistage time-stepping scheme, the (¢ + 1)st

stage becomes

wgﬁ’l) — U)ECO) — 4] Atkﬁk

where

Ry = Ry(uwi”) + P

1
o
and the superscripts C' and 1) mean that the discrete operators are associated with the convection
and physical, viscous terms, respectively. The quantity AD represents the appropriate artificial
dissipation terms for a given stage. The residuals on G} are smoothed with an R-K scheme.
Information is transferred from one grid to another with a fixed cycle strategy.

Both V-type and W-type cycles have been considered. Figures 9(a) and 9(b) show the
structure of these W-type cycles with four and five levels, respectively. The comparable V-type
cycles consist of the first and last legs of these W-type cycles. Although the W-type cycle
becomes complex as the number of grids increases, 1t has a recursive definition. Thus, the
W-type cycle is essentially as easy to program as the V-type cycle. The work of these cycles is
as follows for V-type cycle

Ri(w? (£§ui + cPul” — 4DW)

4
Work MG < g Work FINE

and for W-type cycle
Work MG < 2 Work FINE

The subscript MG indicates multigrid cycle, and the subscript FINE refers to one time step
on the finest mesh. The work associated with grid transfer operations has been neglected. At
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(a) Four-level cycle.

& ©

4-level cycle 4-level cycle
without fine without fine
orid grid

(b) Five-level cycle.

Figure 9. Structure of multigrid W-type cycle; letter designations are defined as S: solve equations, R: restrict solution

and residuals, and P: prolongate corrections.

a given grid level, additional R-K steps can be performed in both cycles. In particular, the
application of two R-K steps on GGjy_; and three R-K steps on all successively coarser grids is
an effective strategy. Multiple coarse-grid time steps reduce the number of cycles necessary to
reach a prescribed level of convergence (i.e., engineering accuracy, meaning three to four orders
of magnitude of reduction in the residual). However, the computational time required to realize
this level is about the same with or without the additional steps. The principal advantage of
these multiple iterations is the improved smoothing of residuals; which is important for difficult,
nonhnear-flow problems.

Without additional coarse grid sweeps, the W-type cycle generally requires about the same
amount of computer time for convergence (engineering accuracy) as the V-type cycle. The
advantage of the W-type cycle 1s that it provides improved robustness. Therefore, a W-type
cycle is used in the applications of this paper.

When solving the Navier-Stokes equations, the viscous terms are computed on each mesh in
the multigrid process rather than only on the finest mesh (i1.e., as in the convective coarse-grid
correction scheme of Johnson (ref. 62). Computing on each mesh provides improved convergence
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behavior for low Reynolds number (i.e., O(1000)) flow cases. For turbulent flows, the viscosity
associated with Reynolds stresses is evaluated only on the finest grid, and then determined on
each successively coarser grid by a simple averaging of surrounding finer grid values. Averaging
is done to obtain a consistent estimate of the eddy viscosity on coarse meshes when an algebraic
turbulence model is being applied. The artificial dissipation model for the finest grd 1s replaced
on coarser grids with a simple, constant-coefficient, second-difference dissipation model. On each
grid, the boundary conditions are updated at every R-K stage.

In describing the multigrid method, section 7.3.1 states that on coarse grids approximations
are constructed for the residual equations at the boundary points (egs. (7.3.3)). In constructing
coarse grid approximations, the solution at the boundary points on a coarse grid is driven
by the residuals for the boundary points on the next finer grid. However, for the present cell-
centered, fimte-volume scheme, such a treatment for the boundary points i1s not computationally
convenient (i.e., the boundary points do not lie on the boundaries themselves, but are located
n auxiliary cells outside of the domain). Instead, the fine-grid boundary conditions discussed in
section b are applied on the coarse grids, and fine-grid accuracy is not maintained at coarse-grid
boundary points. When transferring coarse-grid corrections to a finer grid, only the changes
m the solution at the boundary points caused by R-K time stepping are used. Although this
method of treating boundary points can possibly affect the asymptotic convergence rate of the
multigrid method, 1t does not change the fine-grid boundary values if the method converges.

The robustness of the multigrid method is enhanced significantly by smoothing the corrections
for the fine grid solution. That is,

W(n—|—1) — W(n) 1+ AWiot

where

AWiot = AWf + AW,

The quantity AW, is the solution correction from the finest grid, and AW, 1s the resultant
solution correction from the coarse grids. This smoothing of the corrections reduces the high-
frequency oscillations introduced by the bilinear interpolation of the coarse-mesh corrections and
allows convergence of the scheme for a broader range of artificial dissipation coefficients. The
factored scheme described for implicit residual averaging with constant coefficients (65 =¢;=01)
is used for the smoothing.

The full multigrid (FMG) method is employed to provide an improved initial solution on the
finest grid in the multigrid procedure. The FMG method initializes the solution on a coarser
grid of the basic sequence of grids, and iterates the solution for a prescribed number of cycles
using the FAS scheme. The solution is then interpolated to the next finer grid. The process is
repeated until the finest grid is reached. In this paper, three refinement levels are used for a
standard mesh density (e.g., 320 by 64 cells). The first and second levels include three and four
grids, respectively, and 50 cycles are performed on each. There are five grids in the final level.

8. Turbulence Modeling

The numerical solution of the instantaneous Navier-Stokes equations for turbulent flows
requires computing power well beyond what is currently available (ref. 63). To make turbulent
flow problems tractable using existing computers, a time-averaged form of the Navier-Stokes
equations must be solved. If the appropriate expansions of Favre variables (ref. 64) are
substituted for the flow variables in equation (3.1), and the resulting equations are time averaged,
the mass-averaged form of the Navier-Stokes equations is obtained. These equations have the
same form as their laminar flow counterparts, except that the stress tensor is augmented by the
Reynolds stress tensor, the heat flux vector is augmented by the heat flux terms associated with
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turbulence, and additional mean-energy dissipation terms appear (in many cases, these terms
can be neglected). Closure for this system of time-averaged equations is realized by using the
eddy-viscosity hypothesis, which states that the Reynolds stress and heat flux terms are related
to mean flow-field gradients. Moreover, the effective viscosity is obtained by simply adding the
turbulent viscosity to the molecular viscosity. The Reynolds heat flux terms are approximated
using the constant, Prandtl-number assumption. Thus, the effective nondimensional transport
coefficients for diffusion and heat conduction are

B= gt (8.1a)

and

=hk= (), (8), i

respectively. The subscript [ refers to laminar values, and the subscript ¢ refers to turbulent
values. The laminar and turbulent Prandtl numbers are 0.72 and 0.9, respectively.

For aerodynamic computations, the primary requirement for an eddy-viscosity model is to
provide a good representation of turbulence to allow accurate predictions of mean flow-field
characteristics. The desire to utilize such capability on a routine basis creates the need for
turbulence models with a high degree of numerical compatibility. That is, these models must
demonstrate a favorable interaction with numerical schemes, and must not prevent reliable and
efficient calculations. This section presents the two turbulent viscosity models applied in this
paper. Specific modifications of the originally published forms of the models used to improve
physical modeling and/or numerical compatibility are discussed.

The basic turbulence model considered is the widely used algebraic model of Baldwin and
Lomax (ref. 65). This two-layer model defines the nondimensional turbulent viscosity as

pe = min (1), (pie),) (82)

where the subscripts 7 and o denote inner and outer values, respectively. The viscosity in each
layer 1s proportional to the product of a length scale and a velocity scale. In the inner part of
the boundary layer,

(i) = e p 179 (3)
where Re = Re/(\/7M), Q is the magnitude of the vorticity vector, L is the length scale given

by L = KDd, K = 04 (Von Karman’s constant), D represents the Van Driest damping factor,
and d denotes the distance from the wall. The damping factor D is defined as

—dT
D=1- exp (A_+>

m pw (Tl)max
Haw

dT=d

where AT = 26. In this definition of the law-of-the-wall coordinate d T, the original shear stress
at the wall is replaced with the maximum laminar value. Substituting the maximum laminar
value prevents the eddy viscosity from vanishing when the shear stress goes to 0 at a separa-
tion point. The laminar value eliminates a nonphysical behavior of the turbulence and generally
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removes numerical difficulties. In the outer part of the boundary layer, the turbulent viscosity
becomes

(Nt)o = ﬁc(}lau CCP P Fyake FKleb(d) (85)
where Cy,, = 0.0168 (Clauser’s constant), the additional constant C¢, = 1.6, and

U2
Fyake = min | dmax Finax, Ciyake dmax dif (8.6)
FmaX
with Flax being the maximum value of the function
Fld)y=dQD (8.7)

across the layer, and dax 18 the value of d at which Fjax occurs. The quantity Uy¢ 1s the
difference between the magnitudes of the maximum and minimum velocity vectors that occurs
across the layer. The function FKjep(d) represents the Klebanoff intermittency factor, and is
defined by

4 \6]7"
Fgpen(d) = 1+5-5(CK1eb_> (8.8)

dmax

Baldwin and Lomax (ref. 65) defined the constant Cwake to be 0.25. This value is generally
unsatisfactory in transonic airfoil flows because it produces oscillatory movement of a shock
wave. A remedy for this problem is to set Cy . = 1.0.

The Baldwin-Lomax (B-L) model just described is also used for wake regions. For wake
flows, the Van Driest damping factor is set to unity. The B-L model can also be used to
represent transition to turbulence. However, the specification of a transition location according
to experiment is generally preferred.

When implementing the B-L. model, care must be exercised when determining the maximum
of the function F'(d), especially for complex flows. Multiple peaks can occur in this function in
the vicinity of separation. The second peak 1s chosen in this case. Due to the rapid evolution
of the numerical solution with the multigrid method, the turbulent viscosity is updated every
multigrid cycle. Less frequent evaluation can cause either a slowdown or a stall in convergence.

The B-L turbulence model represents a balance of production and dissipation of turbulence.
When the boundary layer on a solid surface is subjected to an adverse pressure gradient strong
enough to cause flow separation, the production and dissipation of turbulence balance break
down. The inner part of the boundary layer responds immediately to the adverse pressure
gradient, but the outer boundary layer experiences a delayed reaction. This delayed behavior
creates a disequilibrium of the two regions. If the size of the separated flow region 1s large
enough to alter the surface-pressure distribution, then the history effects cannot be neglected
in the turbulence model. In general, both the convection and diffusion of turbulence should be
modeled to accurately predict the turbulent stresses.

Johnson and King (ref. 66) proposed a model to account for nonequilibrium effects and used
the two-layer, algebraic model of Cebeci and Smith (ref. 67) as a foundation for their model. In
principle, any equilibrium model, such as the B-L model (ref. 65), could be chosen. The basic
idea of the Johnson-King (J-K) model is to find an appropriate nonequilibrium factor to modify
the variation of the equilibrium outer-eddy viscosity. The nonequilibrium factor is determined
so that a transport equation for the maximum shear stress in the boundary layer is satisfied.
In reference 68, the implementation of a modified version of the J-K nonequilibrium model is
presented. Reference 69 gives a similar modified form. The elements of these forms of the J-K
model are described in the remainder of this section.
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In reference 68, a turbulence reference quantity is defined as

G = (Q“i> . (8.9)

p

where the index m denotes the maximum of G across the shear layer. This quantity is then
used to replace the maximum turbulent shear stress divided by density (i.e., the correlation of
fluctuating velocity components given by (—u/v'),, appearing in the original J-K model (ref. 66)).
The advantage of using Gm is that it is invariant with respect to coordinate systems. In the
formulation of reference 66, the turbulent viscosity is constructed as an exponential blending of
the mner and outer viscosities. That is,

pe= (), {1 —exp [(”t)"] } (8.10)

(Mt)o

The mner viscosity is given by

(ut); = Re pD?K d \/Re gm (8.11)

—d
D=1—exp [ - Vpw max{(pwgm, Tw)] (8.12)
ATp

w

with

An appropriate value of AT is 17 (rather than the equilibrium value of 26) (ref. 70). The original
J-K model requires determining the edge of the boundary layer, since the foundation model was
the Cebeci and Smith model. This requirement is removed in references 68 and 69 by using the
B-L model. Moreover, the outer turbulent viscosity is expressed as

(Hi)o =70 m CClauCCppFwakeFKleb(d) (813)

where ¢ 18 the nonequilibrinm factor previously mentioned and the other quantities are defined
the same as for the B-L. model.

Assuming that (' is proportional to the turbulent kinetic energy, and introducing a time
derivative, the ordinary differential equation in reference 66 governing the trajectory of the
maximum shear stress is replaced with

gom 0Gm ,  Gm /2 1/2 3/20 _
Gt tm + a1 (G = (Geg) 2| + GHlPDim = 0 (8.14)

where u,, and v,, are the Cartesian velocity components at the location of (Gj,,. The quantity

(Geq) . 18 the equilibrium value of GG at the location of Gy, and the length scale Ly, is defined
as

d

L = 04dm (Tm < 0.225) (8.15)
d,

Ly, = 0.096 (% > 0.225) (8.16)

with 6 being the boundary-layer thickness. An estimate of  given in reference 71 1s 1.9dpax. In
the original J-K model, the diffusion term D, is defined as

ay F(o)
610.7— (dm /9)]
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where

Floy =]e'/2 -1 (8.18)

The constants a1 and ag are taken to be 0.25 and 0.5, respectively. With the F'(c) given by
equation (8.18), there is a singular-like (nonphysical) behavior of the diffusion term at o = 1.
In reference 68, F(o) is expressed as

F(o) = max (O , ot/ 1) (8.19)

and thus has a smooth behavior at ¢ = 1. This F'(¢) makes the diffusion term 0 in regions
of reverse flow (where o < 1). The use of equation (8.19) produces greater differences between
the predicted shock position and the shock position indicated by experiment for a transonic,
shock-induced, separated airfoil flow with strong nonequlibrium effects.

If g‘,_n2 is substituted for G, in equation (8.14), the resulting linear equation is given by

1
ag;n + umagm +v 9gm + 8 — (Dm + a_1>

Z — 8.20
dx " Ay 2 Lon (8.20)

where the source term is
m 97 " Jeq m Im

Equation (8.14) is strictly valid along the curve determined by the maximum shear stress.
However, equation (8.14) is solved along the solid surface of interest to facilitate the numerical
solution method. The misalignment between these surfaces creates errors in the convection
terms (ref. 68). To reduce these errors, the velocity components um and vm are replaced with
their projections onto the wall boundary. The spatial discretization of the modified equation
is accomplished by applying the finite-volume technique to the layer of mesh cells adjacent to
the solid surface. A fourth-difference dissipation term is appended to this semidiscrete equation.
The same five-stage R-K scheme described in section 6 in conjunction with local time stepping
is used to numerically integrate the equations in time. With imphct treatment of the linear
source term in equation (8.20), a Courant number of about 3 can be used. The computation of
gm, and thus the turbulent viscosity, must be adequately converged to allow convergence of the
flmd dynamic system of equations. The turbulence model is applied once every time step in the
solution of the Navier-Stokes equations, and R-K time steps are performed for each update of
the turbulence field.

Once the distribution of ¢, is known, a new variation for the nonequilibrium factor o is
calculated with the following equation:

ot = on [miﬁ] (8.21)

where ¢" is ¢ at time level n (ref. 70).

An alternative technique used to solve for g, that i1s equal to (—u’v/);ll/2 I8 a space

marching procedure (ref. 66). When applying this procedure, eliminate the time derivative
of equation (8.20), transform to arbitrary curvilinear coordinates (£,7), and assume gm is
independent of the normal coordinate n (ie., a & curve coincides with the transport path of
gm). Then, obtain

0gm . 1 5]
Um¥+ Sm= 5 (Dm + m) (8.22)
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with Up = &pum + Eyum. A discrete equation for (gm)i41 can be written as

{(geq)r_nl [Al + (geq)m] Yilgm)iv1 = (A1 +gm)i + <A1];—T7?m> (8.23)

i
where the index 7 means evaluated at the previous £ location,

a1A5£

L 9 Unm

with Ase representing distance along the integration path, and Uy, denoting the magnitude of the
velocity vector at the actual location where g,, occurs. Again, for convenience, the integration
path is taken to be coincident with the geometry being considered. This particular approach
generally seems more robust, and thus is used for all J-K computations. The original argument
in favor of the time-dependent technique concerned simplicity in extending to three dimensions.
However, reference 72 indicates that the steady equation for ¢,,, can be solved easily with first-
order, upwind differencing and point-Gauss-Seidel relaxation. Reference 73 provides additional
discussion on implementation and various forms of the J-K model.

9. Concluding Remarks

The elements of a class of explicit multistage time-stepping schemes with centered spatial
differencing and multigrid are defined and discussed in this report. Additional understanding
is gained from analysis of a number of components of these schemes. Through this approach,
the benefit of a local mode analysis in evaluating boundary-point difference stencils for the
numerical dissipation is demonstrated. The stability of the multistage Runge-Kutta schemes
is examined. Hyperbolic and parabolic operator splitting is applied to determine sufficient
conditions of stability for the Euler and Navier-Stokes (in the absence of convection) equations,
respectively. The difficulty in rigorously deriving a sufficient condition for the full Navier-Stokes
equations 1s discussed. A simple time-step estimate that works well in practice is given. The basic
properties of the implicit process of residual smoothing for extending stability are given. Two
forms of variable coefficients for the residual smoothing procedure are considered. The formulas
introduced in this report are shown to perform much better than the formulas of reference 20
for typical meshes used to compute inviscid, airfoil-flow solutions. With these formulas, a new
set of variable coefficients is constructed that eliminates the general requirement of including a
diffusion limit in the time-step estimate. The implicit residual smoothing is also used as the basis
for one of several techniques that are included to enhance the robustness of the basic multigrid
method.

Both the equilibrium model of Baldwin and Lomax and the nonequilibrium model of Johnson
and King are considered for turbulence closure. The implementation of these models, including
two alternatives for the Johnson-King model; is described in detail. Some modifications to the
original formulations of the models are made to improve numerical compatibility of the models
(i.e., make it easier to converge numerical algorithm with the model), and in the case of the
Johnson-King model, to simplify implementation and improve prediction capability.

NASA Langley Research Center
Hampton, VA 23681-2199
January 3, 1997
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Appendix A

Equations for Boundary Points

Consider the elements of the solution vector

as dependent variables, where ¢ is the speed of sound and s is the entropy. The Euler equations

relative to the rotated Cartesian coordinate system (x;,,) can be written as

where

and

B/

AW’

+ AII

oW’

!
OW' | dW

ot

Oxy oz,

A" = A'cos0+ B sind

B"= —A'"sin6+ B cos6

v
0
_y—1
2e(y — 1)
0

ey —-1/2 0 0
u 0 —c(y— 1)t
0 u 0
0 0 u
0 c(y—1)/2 0
v 0 0
0 v —2(y -1
0 0 v

(AD)

In equation (Al), ¢ is the angle that the rotated coordinate system makes with the unrotated

system.

Suppose the Riemann invariants of 1-D gas dynamics are changed to dependent

variables. This is done by first assuming that the flow is locally homentropic, and by redefining
the matrices A’ and B’ as the reduced matrices

r u e(y—1)/2 07
A= | 2(y — 1)t u 0

L 0 0 u

I v 0 e(y—1)/27
B’ = 0 v 0

L2¢(y — D71 0 v _

Then, with the matrix

0 cos @ —sind

Q' =

1/v2

VI —(y—1)sin0/(2v/2)
(7 - Dsind/(2V3)
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(= 1) cos 6/(2v2)
~(y = 1) cos 6/(2V/2)

(A2)



the reduced form of the solution vector W' can be transformed to a new vector that is a function
of the Riemann invariants. In addition, the similarity transformation with Q~1 and

{ 0 1/V2 —1/V2
Q= |cosl —2sinb/(y—1) —2sinb/(y—1)
{sin@ —V2cos/(y —1) —/2cosb/(y— I)J
can be used to diagonalize the reduced form of the matrix B”. Thus, if equation (A1), with A’
and B’ defined by equations (A2), is premultiplied by Q7L the result is
l WI

In

Q‘lagj (e714"Q) Q*%T“Z'+(Q 'B"Q) @' 5 =0 (A3)

If Q1 is considered locally constant, and the variation of W/ in the tangential direction is taken

to be negligible, equation (A3) becomes

a;v AW g (A4)

where Apy is a diagonal matrix of the eigenvalues (qy, ¢n +¢, go — ¢) of B" and W is the vector
of characteristic variables defined by

T
— 1 v-1 1 vy-1 _
W = — 1 gt =1 =
i B it V2 2 r
with 9
_ 2c
R =qy 1

g = u cost +v sinf

qn — —t sinfl + v cos
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Appendix B
Development of Residual Smoothing Coefficients

To obtain insight into an appropriate form for variable smoothing coefficients, consider first
the approximate factorization scheme

N At =N
(I+?7us%A> (I+;7un&ﬁﬁ AWij = —Ri,j (BL)

where AW ; is the product of the solution vector for the Euler equations and the volume Q (as
determined by a transformation Jacobian), R; ; is the residual vector for the system, and (£, )
are arbitrary curvilinear coordinates. The operators g and § are standard averaging and central
difference operators, respectively. Thus,

peWij = ( i+1/2 + W, 1/2, J)

1
2
5€W ( i+1/2,j ~ zl/2,j>

The transformed, flux-Jacobian matrices are defined as

A=¢,A+¢,B
N (B2)
B=nsA+nyB
The spectral radii of these matrices are as follows:
~ A
o~ =0(4) 2
A Q
\ (B3)
~ —g(B)= 21
oy =0(B)= o

where A¢ and Ay are the characteristic speeds defined in equations (4.2.5). If the matrices A and

B are approximated as

A=o~I
A
B = UEI
respectively, then equation (B1) can be replaced with

At At o
(14 rmguet ) (14 Tropmt) AW =Ry (B4)

when the scalings are taken to be locally constant. Define

5 At
¢= o0

z (B5)
67[ = EUE

as the implicit smoothing coefficients for the & and n directions, respectively. Using equa-
tions (B3), and taking
Q

At =

(B6)
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the smoothing coefficients of equations (B5) become

A¢
Ve = Ae + Ay
(B7)
By = al
! ’\5 + Ay

Now, consider the case where parabolic implicit smoothing operators are used instead of
hyperbolic implicit smoothing operators. In particular, consider the implicit finite-volume
method of Lerat (ref. 52). This scheme includes two stages. The first stage is a physical stage in
which the change of the solution vector of the Euler equations is evaluated using a Lax-Wendroff
scheme. To remove the time step limit of the explicit scheme, a mathematical stage 1s applied
in the following integral form:

2

// (AW)*dQ + w2l 52 [n~V(AW)*]dT:// AW (BS)

Q; 2 Jr. yur A Q;
W i+d -k W

At?
// AWdQ—Hu—/ &2 [n- V(AW]dl = // (AW)"dQ (B9)
Q. 2 Jr. qur. ., B Q. -
4J 7,]—|—%- z,]—% b

where AW is the change in the solution vector, the superscript (*) indicates a provisional value,
the overbar refers to a value from the explicit physical stage, the quantity €; ; is a mesh cell
volume, the vector n 18 a unit normal to the boundary curve I'; and w 1s a constant taken to be
—1/2. In equations (B8) and (B9), the eigenvalues &Z and &E, respectively, are related to the
spectral radii of equations (B3) as

bom At

2 42
\/5”774'977

UEQ

\/SL’§+3}§

Assuming that the quantities inside the integral signs associated with the boundary curves
are locally constant, and that the curvilinear coordinates £ and n are orthogonal, the integral
equations (B8) and (B9) can be approximated by

o~ =
B

2 212
1Az | (75

* *k *
AW T, Q) (AW = AW)y |
Z+25j
~2 12
1A | forl . . —
oo o) (AW —(AW)L, | o =TAW),;  (BIO)
it
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AW —75.-1 | 0 IKAWMﬁr%AW%ﬂ
i,j-|—7
1 A¢? 3§F2 .
TIioo [(AW); ; — (AW); ;1] ¢ = (AW)", (B11)
49 Q L )
Za]_z

where the unknowns are located at the cell centers. If the coeflicients
GAT?
A

Q

and
GLT?
B

Q

(which are evaluated at the cell faces) are taken to be locally constant, and the time step is
defined as equation (B6), then the smoothing parameters B¢ and 3y depend upon

2
Exn
(Ae 4+ Ap)
respectively, which are the squares of the smoothing coefficients obtained for the A DI scheme.

The results from the 1-D stability analysis of section 7.2.1, and the understanding of the
functional dependence of the smoothing coefficients on A¢ and Ay, provide a foundation for
developing G¢ and 3y, respectively. To determine formulas for ¢ and 3, the 2-D stability of
a multistage, time-stepping scheme with implicit residual smoothing is examined. Consider the
2-D, scalar, hyperbolic wave equation

— ta—+b—=0 (B13)

Using central difference approximations for the spatial derivatives, a semidiscrete form for
equation (B13) is written as

At% = —% (w?—f—l,j - wi"—u) -4 (ijH - wﬁj—l) (B14)
where the Courant numbers
N{: = /\,5% = (a Ay) %
At At (BI5)
Ny = ’\ﬂﬁ = (bAz) o
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By taking the Fourier transform of equation (B14), the following is obtained:

dw N
At% = 7"
where the Fourier symbol z is given by
2= —i(Ngsinfe + Ny sin 6,) (B16)

The caret indicates a transformed quantity, and ¢ and 0, are the Fourier angles for the
two coordinate directions. If implicit residual smoothing is applied, the Fourier symbol of
equation (B16) is replaced by

—iNé sinﬁg + Ny sin 6y

z =

XEXn
where ( )
Xe = 1+ 28 (1 —cos by
(B17)
Xnp =1+ 2[7’,7(1 — cos@n)
A sufficient condition for stability can be written as
max |z| < N¥ (B18)
for all 0¢ and @), where N* is the Courant number of the unsmoothed scheme. Let
~ sin é ind,
F=lz]= N f_i_anm U]
XeéXn X¢Xn
Then, _
F< Ne sin 0 N anm 0y
X¢ Xn
or B
F < Ngf(@g) + Nng(gn)
and _
Finax < fomax + Nngmax
Then, a sufficient condition for stability is given by
fomax + Nngmax < N* (Blg)
From equation (7.2.7) of section 7.2.1, it follows that
i = 1
max — = —————
1+ 455 (BQO)
1
Jmax = —F—=
VI A5,
Substituting equation (B19) into equations (B20) yields
N, ! + N, ! <N (B21)
SV Ty R T
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But

¢ etAy Ty
Ny = Aty o Ny _ N (B22)
At X+ Ttrgd

where rp¢ is the ratio of the modified characteristic speeds (A;/A¢) and is also proportional to
mesh-cell-aspect ratio. Thus, equation (B21) becomes

Nt N1
N* 1+rpe J1+4F N* 1+r77—51 V1+48, ~

(B23)

In the cases of low-aspect-ratio cells (r,c < 1) and high-aspect-ratio cells (r,e > 1), equa-
tion (B23) can be replaced by

Ne L

N* ‘/1—1—465 -
and

Ny 1

— —=<1
N* T +45, ~

respectively. Thus, write

(B24)

Note that these expressions are related to the smoothing coefficients of equations (B12) for the
implicit method of Lerat.

The formulas of equations (B24) can also be obtained by substituting the appropriate time
step estimates into the 1-D smoothing coefficient of equations (7.2.8) in section 7.2.1. That is,
the time step of the smoothed scheme is defined as in equation (B6), and the time step of the
unsmoothed scheme is a 1-D time step.
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Appendix C
Multigrid Transfer Operators

When constructing a multigrid method, appropriate intergrid transfer (i.e., restriction and
prolongation) operators must be chosen. Often, these operators are selected so that they are
adjoint operators. Such a choice provides convenience in the analysis of the multigrid scheme
(i.e., two-level multigrid analysis). In this section, the natural choice for the restriction operator
of the residual function when a cell-centered, finite-volume scheme is used for discretization is
considered. Moreover, the restriction process involves simply summing the fine-grid residuals for
the fine-grid cells that comprise the coarse-grid cell. A piecewise constant prolongation operator
1s shown to be an adjoint operator.

Consider a 1-D domain @ = {z € ® : 0 < # < L}, Define a fine grid G; and a
coarse grid Ge that cover the domain 2, such that Ge C Gy. Generate Ge by elimmating
every other mesh pomt of Gy (delineated by crossed lines in fig. Cl). Let the mesh interval
(Azj)p = (xj+1/2 — Ij71/2)f of Gy be constant. Define h = hy = (Axj);. Then, the coarse-

grid mesh interval is h. = 2h. Let R be the residual function, and let (v); be a correction to
the fine-grid solution. Assume that the unknowns are stored at the center of a mesh cell. The
restriction operator for the residual is defined by

2

ohp L

I Ry = h_z (hpRy)
‘=1

Suppose that the prolongation operator Iélh for the coarse-grid correction simply transfers the

same correction to the fine-grid cells that determine the coarse-grid cell. The operators I/%h and

Igh are adjoint operators if

(Ry , I vop) = (I8 Ry, vagn) = (I Ry, , vap) (C1)

o
o
o
o

\ /

k

\ 7/

2h

.--.><.---
.--.><.---
.--.><.---

Figure C1. Cells of two grid levels.
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where (-, -) denotes an inner product, and the asterisk indicates transpose. To show that these
operators satisfy equation (C1), consider the inner product definition for functions. Let the
index k denote a coarse-grid cell, and let the indices j and j — 1 represent the corresponding
fine-grid cells. Then
oh hj hj—1
(I3 Ry, vap)on = Z [E (Rj)n+ T (Rj_1)h] (vk)on bk
- 3

and

(Rps Byvandn = > (Ridp (vpdanhj + > (Rj-1)p (vp)op hj1

jeven j even
= > [@nhj+ Rj-0n hja] (vr)2n
jeven

Thus, these operators are shown to be adjoint operators. Note that if the piecewise constant
prolongation operator is replaced by a linear interpolation operator, the operators are not adjoint.
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